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Chapter 1

Introduction

1.1 Difference Operators and Equations

A difference equation is an equation that contains sequence differences.
There are various types of difference equations namely ordinary, delay, advanced,
neutral, quasilinear, half linear, etc. These equations occur in numerous settings
and forms, both in mathematics itself and its applications to Biology, Computer
Science, Digital Signal Processing, Economics, Statistics and other fields.

The theory of difference equations, the methods used and their wide
applications have advanced beyond their adolescent stage to occupy a central
position in applicable analysis. In fact, in the last 15 years, the proliferation of the

subject has been witnessed by hundreds of research articles, several monographs,
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many international conferences and numerous special sessions.

1.2 Difference Equation and its Solution

In numerical integration of differential equations a standard approach is to
replace it by a suitable difference equation whose solution can be obtained in a
stable manner and without troubles from round-off errors. There are two types of
solutions for difference equations, one is numerical (or summation form ) another one
is closed form( or exact solution). However, the qualitative properties of solutions of
the difference equations are quite different from the solutions of the corresponding
differential equations. Solutions of several well known difference equations like
Clairaut’s, Euler’s, Riccati’s, Bernoulli’s, Verhulst’s, Duffing’s, Mathieu’s and
Volterra’s difference equations preserve most of the properties of the corresponding

differential equations ([45]).

1.3 Growth of Generalized Difference Operators

The basic theory of difference equations is based on the difference operator
A defined as Au(k) = u(k + 1) — u(r), where {u(k)} is a sequence or a function of

k of numbers. Many authors ([45],[47]) have suggested the definition of generalized
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difference operator A, on real valued function u defined on R = (—o00, ) as
Ap(r) =u(k+0) —u(k), k€ R, £>0. (1.1)

E. Thandapani, M.Maria Susai Manuel, G.B.A Xavier [42] considered the definition
of Ay as given in (1.1]) and developed the theory of difference equations in a different
direction. If there exists a function v such that Ayv(k) = u(k), then we call this

function v as A, 'v. Hence, for k € R = U N,(j),
0<j<t

if Apv(k) = u(k),then v(k) = A, u(k) + ¢, (1.2)

where c¢; is constant for all x in each Ny(j) = {j,j +{,5+2(,...}, j = k = [5]L.

In 1989, Miller and Rose introduced the discrete analogue of the
Riemann-Liouville fractional derivative and proved some properties of the
fractional difference operator. In 1984, Jerzy Popenda [27] introduced a particular
type of difference operator on u as Aju(k) = u(k + 1) — au(k), In 2011, M.Maria
Susai Manuel, et.al, [34] extended the operator A, to generalized a— difference
operator as %)U(ff,) = v(k + {) — av(k) for real valued function v. In 2014, the
authors in [6] have applied the g-difference operator defined by
Agv(k) = v(gk) — v(k) and delta operator A with variable coeficients defined by

K(£)

%)’U(/i) =v(k+ ) —kv(k), L #0 € R.

Also  the generalized difference  operator with  n-shift  values

[ = (01,05,03,....,0,) # 0 on a real valued function v : R™ — R is defined as

%U(ﬁ) =v(k1 + b, Ko+ boy oy K+ 4y) — O(K1, Ko, oy ). (1.3)
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This operator A becomes generalized partial difference operator if some ¢; = 0. The
()

equations involving % with atleast one ¢; = 0 is called generalized partial difference
equation. for one shift value, we take Ay as A,. By defining the inverse A, ', many
interesting results on sum of partial sums of higher power of arithmetic and geometric
functions and applications in numerical methods (see [42],[41]) are obtained. The
difference operator defined in becomes the usual difference operator A when

¢ = 1. We obtain several results on factorial function and Riemann zeta factorial

function by applying A,

1.4 Riemann Zeta Factorial Function

The Riemann zeta function ((s) has been studied in many different forms for
centuries. The harmonic series, ((1), has been proven to be divergent as far back
as the 14th century [55]. Leonhard Euler, a Swiss mathematician discovered a
closed form expression in 18th century for the sum of the reciprocals of the squared
integers i.e.((2). He also generalized this result and found a closed form expression
for ((2n) for n € N [56]. In the 19th century, the German mathematician Bernhard
Riemann considered ( as a complex function. He published his work in the paper
”On the Number of Primes Less Than a Given Magnitude”, which is one of the most

influential works of modern mathematics [5]. The classical definition of Riemann
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zeta function is ((s) = ki % = ioﬁa_s. Here, we develop higher order Riemann
=0 K=

zeta factorial function obtained by replacing polynomials into polynomial factorials.

Several properties of higher order Riemann zeta factorial functions are derived by

applying the difference operator having shift value . Some applications of difference

operator and its equation can be found in [T, 6] [7, 27, 34].

1.5 Extorial Function and RL circuit

Here we introduce extorial function and obtain numerical and exact solutions
of certain type of ¢ difference equations. When ¢ — 0 the extorial function becomes
exponential function and ¢ difference equations become Differential equations. The

newly defined (-Extorial function is arrived by replacing the polynomial x™ by

)

factorial polynomial I{én in the exponential function e”. The formal definition of

extorial function is defined by

Kén) KEZR) Hg}n)
TR

e(ry”) =1+ +odoo,lf| <1,k ER, (1.4)

where |[/| <1, Kk € R and n € Z.

The following identities are arrived from ((1.4)):

(1) e(r)=e", (i) e(r_1(1)) = oo, (iii)e((—r)",) = §< Iy
(i) e(=n)f") = (=17 =3 () Ave(l?) = el

a (7
(vi) e(ﬁél)) => Bt it s = nt For K1,ke € Rand £ € (0,1),

r=0 T’!
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The additive properties of extorial function is given by

6((’11 + 'f2)§1)> = 6(("01)§1))6((’€2)§1))-

The negative index extorial function is defined as

11 11 1 1 (rn)
——t 5t 575+ 00, K £ 0.
Ul 21w =g (e ¢

e(n;(n)) =1+

and we derive

oy s~ ey gy
6(171 ) - 72} (T!)Q’ 6( 11 ) - 7;)( 1) (7‘!)2
For /f[n) #0,neN, |[{| <1 and /‘iz(n) = —, we have
Ko
Avely ™) = — 2 e((n— nt); ™).
(k + £)y Y

(n ().

Note that £\ is different from Ky ) and here we use the notation Ky

For positive k and ¢ > 0, we have

=7 ") = Y1

rl
r=0 T Ky
For £ € (—1,1) and s € R, the n'* order (-extorial function e, (k) is defined

mén) li?n) l€§3n)

N O TR o TR

Note that e, (k) is different from e(x!").
From the definition of extorial function, we obtain following identities.
For real x, £ > 0 and n € N, we have

en(F(-p) if n is even,

(1) en(—he) =
(n) (2n) (3n)
Rl Fp

o o) (3n)! + -+ if n is odd,
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en(Ke)) if n is even,

n 2n 3n
G G G
n! 2n/! 3n!

oo R(mnfl) .
(iil) Agen(ke) =1 2—31 G v # L (iv) Afen(ke) = en(ﬁ;(gl))

(ii) en(—K(-p) =

+ .- if nis odd,

(V) AP em(ke) = ey (ke) and (vi) A, e (k) = %ﬁfjw, ¢ eN.

The summation form of e, (k) is obtained as

(vid) e_n(w)zz(r;), - (1.9)

(
r=0 7
These concepts are newly arrived and these have been used for obtaining new formula

and application in RL circuits.

1.6 Summary

This book consists of eight chapters. In the first chapter, we present necessary
introduction on difference operator, difference equations, growth of difference
operator and formation of research work.

Chapter 2 provides relation between ¢-delta operator and shift operator E,

conversion of polynomial into polynomial factorial and vice-verse. For example,

T ) ‘ )
Ap =Y (1Y e B (1.10)

J=0
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and

<

ol . 0if r>n
Ap(") =) (=)'l +Lr—j)]" = (1.11)
nl® if r =n.

are arrived.

If S7' and s} are Stirling numbers of second and first kinds respectively, then

K= SR (1.12)
r=1
and
kM = Z SMTTRT (1.13)
r=1

Here, we give a method and a table to find Bernoulli’s polynomials using stirling
numbers of first and second kinds.

Chapter 3 deals with the higher order delta inverse on real valued function u.
Here we derive a main theorem by introducing .J; set. Assume that J; be a subset
of real numbers such x € J; implies k =1 € J; and f : J; — R be a real valued

function. If A7 u(k) =0forr=1,2,3,---n, n € N(1), then

e Z (5 = 5 = 1) Dus), (1.1

where a, k € Jj is an such that k —a —n € N(1) = {1,2,3,--- }
Also, the corresponding result related to A, is obtained below:
If K >ml, 0<{<ooand u(k —ml) =0, then

K

B zm: (n+r)™
me n o

r=0

A (k)

u(k — € —rl), (1.15)

K—
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where (n + 7)™ is a falling factorial.
In Chapter 4, we introduce new function called as extorial function and obtain
extorial type solutions of higher order linear /—difference equations with constant

coefficients. Consider the n'® order linear difference equation of the form

A" Anfl
(ang—f + an—lgf——l + -+ ao) u(k) = e1(tk)w, (1.16)

where a’s for i = 1,2,3,....n are constants. Now, for the homogenous equation
1 ) ) ) ) )

Ap Ap!
<an75 TP +---+ao) u(k) = 0 (1.17)

we try u(k) = e1((mK)ume) as solution of (1.17). Then we get

AP m An—l "
(an 461((2;&%)( o) + @y — elg(n(f'fﬁ)( 9) + o +aoe1((mm)(mz))) u(k) = 0.

(1.18)
Since Ager ((mk)mey) = mler((mk)me), Afer(mr)mey) = (ml)?er((mk)my), we

find that

Ajer((mK)me) = (ml)"e1((mk)(me). Substituting the values in ([1.18]), we get

TemOer(mi)me) + 5% (m)"ex ((mi)ne) + - + doer (M) ) = 0,
which gives

The auxiliary equation for (1.19) is obtained as

Aym™ + ap_ym™ -+ ay = 0. (1.20)
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Therefore, if m is a root of (1.20), e;((m#)@me)) becomes a solution of (1.17)).

The particular solution of (|1.16)) is obtained as

e1((tK) )
aner((t0) — D)™ + ap_qe ((t0) — D)1+ 4 ag

u(k) =
Case 1 : Suppose zeros are real and different,then the complementary function for
(1.16) is u(r) = Arer(miK) o) + A2e1(M2k) (mye) + - - - + Ane1(Mak) (m,.0), Where A;’s

are constants for all i=0,1,2,- - - n. Therefore the general solution of ([1.16)) is

u(k) = [Alel((ml/s)(mlg)) + Aser((Mak)mae)) + -+ + Anel((mnn)(m@)]

N e1 (1))
an (0w — 1" + anrer[(tu) — " + -+ ag

(1.21)

Case 2 : Suppose the roots are real and same then the general solution of (|1.16)) is

u(k) = |A, + An_l(mfi)gnm;)l) + An_g(m/{)gnm_;) + A (mn)(mé)(l)] e1((MmK) (me)

+ e1((tr) o)
aner[((t0)w) — 1" + an—1e1[(t0)w) — 1]+ -+ ag

(1.22)
[lustrative examples are given in the book.
Chapter 5 focuses on the fractional order Riemann zeta factorial function
defined as

(K, s) = A;(nil)Cg(/{, s). (1.23)

This function is obtained by replacing polynomials into factorials in the harmonic
series like extorial function. When n = 2, s > 3, £ > 0 and (k — 20)$72 # 0, then

we have the second order Riemann zeta factorial function as
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oo

PPN < N (e O !
ol )_;wt@é (s — 1P (v — 2007 24

In general, m'* order Riemann zeta factorial function is expressed as

o0 (m—1)
Ky S Z (tr(m=Dh" ~ _ ( )1 =t (1.25)
— (ke + t0)8) (s — D)™ (k — me),” "

In Chapter 6, for each positive integer n and for z € (—o0,0), the partial

exponential function denoted as e, (x) is defined as

n 2n 3n

T T =z
() =1+ "= -
en () +o )] + Bl + 400 Z

(1.26)

When n = 1, (1.26) becomes exponential function.
Here, we find that the sub exponential function e, (z) given in (|1.26))is a solution of

the (n — 1) order linear non homogeneous differential equation

dn—l dn—2 d N
Wu(x) + dxn_Qu(:c) +- 4+ %u(:c) + u(z) = €.

Chapter 7 is devoted for two dimensional nabla difference operator, defined by

(V)gv(/ﬁ, Iig) = U(Iil, lig) — CL1U(I€1 + 617 K9 + 62) — CLQ’U(KJl —+ 261, Ko + 2£2) (127)

The inverse of nabla operator is defined as if there exists a function v such that

(V)ZU(/‘M, Kg) = (K1, K2) = V(K1, K2) = (V)Zu(f@h K2) + ¢, , (1.28)

where a = (ay,as) and £ = ({1,05), (K1, k2) € R? and c is an arbitrary constant.
2
Let 1— 3 age((j6 ) )e((j62)ey) # 0. By ([Z0) and (L), we have
j=1

V E(k) = FE(k) —a1E(k+ ) — ayE(k + 20), (1.29)
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where E(k) = e((k1)e,)e((K2)e,)

Now, (XEE(/{) = FE(R)[1 — a1 E(f) — ase(2(£1)e,)e(2(43)s,)] yields

SR B(x)

1—§%wmmmwmy

(1.30)

Let F, denotes the n'* term of two parameter Fibonacci sequence . Let v(ky, k2) be

a solution of the equation V v(ky, k2) = u(k1, K2), (k1, k2) € R?, then we obtain
(a)?

U(Fdl, Hg) — (FnFn_1 + (Zan_1>U<I€1 + (n + 1)61, Ko + (n + 1)62)

— aanv(m + (n + 2)61, Ko + (n + 2)62) = Z Fiu(/ﬁ + ’Ml, Ko + Z£2) (131)
=0

In the final Chapter 8, we give an application of extorial function in RL
circuit and also we show that the extorial function u(x) = e;((mk)(m)) is a solution

of second order linear difference equation
<AA2 +BA + C)u(n) —0, (1.32)

if m is a root of the auxiliary equation Am? + Bm + C = 0.

Let Iy be initial value of I(t). The de-energizing difference equation for v = 1, has

fgozzhel<(5§ﬁ>(;w>. (1.33)

For v = 1, the energizing difference equation has a solution

v R
](K}) = + 1061 < —K ) . (134)
%@“—U+R (L )fa

a solution of the form
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Also we apply extorial function to obtain solution of Heat filows.

Several applications are arrived in physical science using extorial functions.



Chapter 2

Stirling Numbres and Bernouilli’s

Polynomials

2.1 Introduction

Theory of generalized difference operator A, defined by A (k) = v(k + ) —v(k) is
developed in [42]. Formulae for finding the sum of the n* power of an arithmetic
progression, sum of the products of n consecutive terms of an arithmetic progression,
the sum of an arithmetic - geometric progression, qualitative properties of certain
class of generalized difference equations are some of the applications of A, (see
[42], [43]). Results developed in [42] [43] coincide with the corresponding results in

[45,[47] when ¢ = 1. Theory of Ay, and Generalized Bernoulli polynomials B,,(x, —{)

14
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for (—¢) with applications are established in [44]. Here, the theory of A, is extended
to solutions of certain types of generalized difference equations, in particular
generalized Clairaut’s difference equation and generalized Euler difference equation.
The generalized Bernoulli polynomials B, (k, ) for ¢,n € N(1) are solutions of the
first order linear difference equation v(k+¢) —v(k) = nk™"!, which yield the formula

a"+(a+0)"+(a+20)"+...+(a+ (k— 10" = —=[Bnti1(a+ &, ) — Byii(a, l)].

1
ntl

Here we use (i) N(a) = {a,a+ 1,a+2,...}, (ii) Ny(a) = a,a + l,a + 20, - - -,
(iii) Z is the set of all integers, (iv) ¢, ¢, ¢1, C2, . .. are constants,

(v) T'(r) = :foe_tt”_ldt, and (vi) k™ = k(k —1)(k —2)...(k —n +1),n € N(1).

2.2 Preliminaries

Here, we give basic definitions and some lemma’s as A, operator and shift

operator.

Definition 2.2.1. [/2] Let v be a real valued function defined on R. The generalized

difference operator Ay on u(k) is defined as
Ay(v(k)) =v(k + ) —v(K). (2.1)
For the shift operator E, the relation E*(v(k)) = v(k + {) gives
E'=A+1=(1+A) (2.2)

The inverse of Ay is defined as follows.
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If Ap(u(k)) = v(k), then u(k) = A7 (v(k)) + ¢

Lemma 2.2.2. [{3] Let {,n,r € N(1). Then the r'" order of A, is obtained as

Al = Z (—1)j(r—!Ef<r—j> (2.3)

— 1)l
= r—j)ly!

and

<

, rl 0ifr>n
Ap(k") = FWW[H +r— )" = (2.4)
j=0 I nll™ if r =n.

Definition 2.2.3. [/2] If n € N(1), then the (-falling factorial /{E,n) is defined by
kY = k(k— 0k —20) ... (k —nl +0) (2.5)
and for a real sequences {v(K)}xez, the closed (-falling factorial on u(k) is
[w(K))™ = v(k)v(k = 0) ... v(k — nl +0).

Lemma 2.2.4. [f2] If stand S} are Stirling numbers of first and second kinds

respectively, then the relation between polynomial and factorial polynomials are

K= ST, (2.6)
r=1
and
/{én) = Z st TTR (2.7)
r=1

Lemma 2.2.5. [/2] If {,m € N(1) and k € N(ml) = {ml, (m+ 1){, (m + 2)(,--- }.

Then the (- delta inverse of /{ém) 1s obtained as

Ii(m—H)

AR = e 2.8
¢ Ky €(m+ 1) + Cj ( )
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and the summation of (- delta inverse of given function v’ is

I
—

K

Aokl +i) =Y v(rl+37)+cj, j=01,...0—1. (2.9)

ﬁ
Il
o

Lemma 2.2.6. Let n,{,m € N(1) and n > m. Then, if we assume c; = 0 for all

A7 A2 A then the m™ order (- delta and its inverse of /4;1(5") are
AR = ()™ e ™ > m, (2.10)
and
A = (n;%§;>

Proof. From the definition of /ié") and applying Amgn) we have
Amé") = (K + E)én) — Iién) = nﬁfign_l)

Again taking A, on both sides, we derive

A?/{én) = anmgn_l) = (nl)(n — 1)6/{271_2) = n(2)£2,i§n—2)'

Continuting this process upto A}* we get the required result. O

Definition 2.2.7. [/5] If m € N(1), then the equation of the form
f(r,v(K),v(k+€),v(k+20),...,0(k +ml)) =0

is called the generalized (-difference equation.

Definition 2.2.8. [/7] Let B, (k) = k" + bir" ' 4+ bor™ 2 + ... + b,_1k + B,(0)

be an n'* degree are Bernoulli polynomials in k. Then the generalized Bernoulli
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polynomials B,,(k, ) are defined as
(Byn(k,0) = K" 4+ bl + bol’k" 2 4 4 by 0" e+ B (0)0",n € N(1)
Note that B, (k,1) = B,(k), the Bernoulli’s polynomial.

Example 2.2.9. [[7])Let B, (k) be Bernoulli polynomials satisfying the equation

k—1

B.(k+1)—B,(k) = nk"t. Then B,(k) =n el + B,,(0), where the Bernoulli’s
=1

(2

numbers B, (0) are obtained by equating the coefficients of A\ in

(1 LA X + ...)_1 = i&Bn(O)

| | |
2! 3! —n

and

1 < 1)!
K = (n 1! (2.11)
n+1 (n+1-1ill

1

Example 2.2.10. [/5] For the Euler second order linear difference equation

4(k + 1)kA%u(k) + 4k Au(k) + 9u(k) = 0, the polynomial Y a;(\)Y) = 0 reduces to
7=0

_ T(==30)

K3
I(x+54) and uy (k) = NG

I'(k)

4N +9=0. Thus, ui(k) =

are the solutions of the above Euler difference equation. However, since

['(z) = /e_tt%_1 cos (yInt)dt +i / e " 1sin (yInt) dt
0 0

it follows that,

1 oo
ur (k) = () / e "1 cos (g In t) dt
0

1 oo
us(K) = mi/e_tt”_l sin (g lnt> dt
0

are linearly independent solutions of the Fuler difference equation.

and
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2.3 Bernoulli’s Polynomials

In this section, we develop Bernoulli’s polynomials by Stirling numbers of

both first and second kinds and it is given table form.

Theorem 2.3.1. If ¢, m,n are positive integers such that m < n and k € Ny(nf),

then v(k) = K is a solution of the generalized factorial difference equation

m

Z(—w(m_L!r)mu(ﬁ Fl0—m—1)= (0™ (v(r)"™ (2.12)

r=0

where (U(Ii))én) =v(k)u(k =€) u(k —nl —1).

Proof. Using the shift operator F, equation (2.12]) can be expressed as

Z(‘l)rm—Lin“’”‘” (@) = ()™ " ()™
which yields
(B = 1)" @)™ = )™ 0 (w(s))i" ™ (2.13)

Using (2.2) in , we obtain

AP ((r)) = (n)§™ € (v(r))" ™. (2.14)

Now the proof follows from Lemma [2.2.6/ and ([2.14)). O

Theorem 2.3.2. Ifm and ¢ are positive integers, then any polynomial in Kk of degree

m with leading coefficient 'cg 1s a solution of the generalized difference equation
mim
= ., om!

r=0
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Proof. The equation ([2.15) can be expressed as
- m! c
-1 T—Emf—rﬁ — ( > Vi
;( ) (m —r)lr! v(x) mlem) "
Using (2.2)), it reduces to
AVv(k) = <m!€m> mlem. (2.16)
From ([2.4)), we obtain
A {#/@m +e ™ 4+ cm} =c. (2.17)
Now, the proof follows from (2.16]) and (2.17]). O
Theorem 2.3.3. Let {,m € N(1) and 0 < r < m. Then
Qg m m—1 m—2
v(k) = K™+ a1 k™ +ak™ 4+ 4 ap,
mlm
is a solution of the generalized difference equation
r m!
o Y
];0 (m — r)!r!v(ﬁ +(m—3)0)
_y = > Wk + joym, (2.18)
r=0

where a;’s are arbitrary constants.

Proof. By defining v(k) = —$=k™ 4+ a16™ " 4+ aek™? + ... + G, (2.18) can be

expressed as

- (—1) > W—Li”)!“v(ﬂ + (m — j)0) = ag

The proof now follows from Theorem [2.3.2]

(2.19)

]
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Theorem 2.3.4. For n € N(0), the generalized Bernoulli polynomial By, 1(k, () is

a solution of the generalized difference equation

v(k +0) —v(k) = (n+ 1)K". (2.20)

Furthermore, if £,n € N(1) and s7, S} are Stirling numbers of first and second kinds,

then we have

" n+1 = " n41 .
Bn—l—l(/’{'y E) Z ] n 15]” ;-{—lgn 1/{_{_2 (Z ] — S}’L iii) T 1/{7‘+1_{_Bn+1<0)€n’
r=1

(2.21)

where the Bernoulli numbers B, (0) can be obtained by the recurrence relations

n—1 r
n!

J=0

BA(0) = LB,(0) = —

<.
Il
=)

Proof. By (2.7) the equation definition (2.2.1f), (2.20) becomes

v(k) = (n+ 1)A;" (Zn: SH R ) + A, (2.23)

r=1

where A is an arbitrary constant and n € N(1).

Applying (2.8]) in (2.23), we obtain
(7"—1—1)
v(k) =(n+1) (ZS"W’" )>+A

By definition ([2.2.8) and assuming A = B,,1(0)¢", we get

n

1 "
0(k) = Bua (. 0) = ZZLW”” D4 OBua0),  (224)
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Using ([2.7) in (2.24), we obtain

n 1 r+1 A
Bt (r ) =) %W‘T‘ISZ} D ST + B (0)7,
r=1 7j=1

which yields (2.21). Example (2.2.9) yields (2.22) and the proof now follows by
definition ([2.2.1)). O

Corollary 2.3.5. v(k) = > a;nleH(/ﬁ,K) is a solution to the generalized
m=0 T
difference equation y.io — v(k) = > apk™, k € N(0),£ € N(1), where a;’s are
m=0

given constants (assume S§ =1).

The following example illustrates the Theorem |2.5.4).

Example 2.3.6. Here we establish a method to find the generalized Bernoulli
polynomials B, (k, () and obtain the generalized Bernoulli polynomials in k for ¢

up to degree 10 which are solutions to v(k + () —v(k) = nk" 1 n=0,1,2,...10.

r | r

Dividing > ' from the Pascal triangle for

4 usi
iz (n —r)lr! izo (n—r)lr! anc using

(2.22]), we obtain table (i) for getting Bernoulli’s number.
(i) (Note that B, (0) = — sum of product of the number and shift number in the n'"

row).
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ORI N TEV N YO TETS

T lah  3e 500 Sz 30

s ket T Ran To S

s e 4 B Meh Yo T 4o

B Ly 2 2o 2gy o 2ke 2o 3

table (i) Bernoulli’s number

Sl = §n | 4+ iSP generates table (ii).

1y

L, 1,

13 39 13

1y P 63 14

1, 15 253 104 15

1, 31y 903 654 155 16

1, 63, 3013 350, 1405 2l 17

1, 127, 9663 1701, 10505 2665 287  1g

1 255, 30253 77704 69515 26466 4627 36s 1o

table (ii) Stirling number of second kind
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11
) ) 1 1 1 1 1 1 11 1
Tloz 12 2 2 2 2 2 2 2 2 2
1 7 5 31 127
2_4 —3_3 1_3 3 1 3 T 21 3 85
1 3 25 45 301 483 3025
-6 1 —6 ! 4 2 4 2 4 2 4
1 1701
24 —50 35 —10 1 g 2 13 70 T 1554
12 274 22 1 5 iy 1 2317
—120 7 —225 85 —15 1 6 ) 3 75 )
1
720 —1764 1624 —735 175 —21 1 7 3 38 378
1 7 231
—5040 13068 —13132 6769 —1960 322 —28 1 ] ) 1
40320 —109584 118124 —67284 22449 —4536 546 —36 1 % 4
—362880 1026576 —1172700 723680 —269325 63273 —9450 870 —45 1 1_10
K K2 K3 K K K5 KT K8 K K10
_3 15
0 5 0 5 0 -7 0 5 -5 1 Bio(k) %10
_3 _21 _9
10 0 2 0 5 0 6 5 1 Bg(k) X9
2 _T 14
0 3 0 3 0 3 —4 1 Bg(k) X8
1 _71 7 -7 5
6 0 6 0 2 2 7(K) X7
_1 5
0 5 0 3 -3 1 Bg(k)  x6
_1 5 _5 5
6 0 3 2 1 5(k) x5
0 1 —2 1 By (k) x4
1 3
b} ) 1 Bs(k) x3
-1 1 Ba (k) X2
1 B (k) x1
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table (iii) Bernoulli’s polynomials

In table (iii), upper north west triangular values are the Stirling numbers of first

+1

kind having the relations s = s!' ; — ns! and upper north east triangular values

n

. n—1 n—1 n—1
i—i—ll are obtained from table (ii). n<(3%,s§’, ST, <512 ,523 ,...S”n‘1)> is the

n—1 n—1 n—1
: n—2 J+L G2 n Si " S Spi -
coefficient of w/ of B,(k,{), n<(sj+1,sj+1,...,sj+1)7 T 12 is

the coefficient of x/T1"=t2 of B, (k,f) for j = 1,2,...,n and n € N(2) where (.)
denote the inner product. 1 is the coefficient of k¢~! of By (k, ¢). The values of B, (0)
of table (i) and the lower triangular values (coefficients) of table (iii) generate the
Bernoulli polynomials of degree up to 10 as given below.

Big(k, 0) = &0 — 30762 + 50°k* — TO3RS + D2Uk® — 557 + (7 1K10

By (k,0) = =307k + 20°K3 — 20365 + 6057 — §K° + 01 K°

Bg (k,0) = 550"+ 20°k% — 036 + SRS — 4K + (7158

Br (k,0) = $0°k — §0R3 + 205 — Ik8 + 07167

Bg (K, 0) = 105 — 30362 + 3Uk* — 3K° 4+ (71K0

Bs (k,0) = =0k + 205* — 254 4 07161

By (k,0) = —350% + (K% — 2k% + (71R*

Bs (K, 0) = 30k — 3% + (7153

By (k,0) = 0 — ki + 71K

By (k,0) = =5+ (k.

The above polynomials B,,(k, ¢) are solutions of the generalized difference equations
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v(k+0) —v(k) = nk"! for n =10,9,...,1 respectively.

Corollary 2.3.7. If B,1(k,{) is the generalized Bernoulli polynomial for ¢ in k of

degree n + 1, then we have the relation

By (atsl 0= By a(a, 0)]. (2.25)

a"+(a+0)"+(a+20)"+. . +(a+rl—L)" = —

Proof. From Theorem and AyB,11(k,0) = (n+ 1)k"™, we find

1

n—HBn_,_l(/{g + a, g) = AZ_1</€€ + Cl)n.

Now, the proof follows by substituting v(x) = " in (2.9).
The following example is an illustration of (2.25)). O

Example 2.3.8. Using the sum of the 9™ powers of arithmetic progression
with initial term a = 4, common difference £ = 3 and last term 997 is obtained as
49+ 79 + ...+ 9977 = [B19(1000,3) — Bio(4,3)], where Byo(k, () is given in the

example [2.5.6,

2.4 Generalized Clairaut’s and Eulers Difference

Equation

In the following, we present certain types of difference equations and its
solutions. In particular we obtain solutions of discrete generalized clairaut’s and

euler difference equation using /- delta theory.
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Example 2.4.1. (i) The equation v(x + () = (—1)*k“(k — 1)Ov(k),

has a solution v(k) = ¢(—=1)"T'(k — L+ 1)['(k — £),T(k) = (k — D)'(k — 1).

P14 1) 3k + 1O O3 (k1 — ¢ + 1
(z’z’)Sz'ncev(ka—l—K):CB (k+1+ >:3<’i+ )\ O3 (K + (+1)

[C(k+ 1) [£(0]2 [D(k — €4 1)
. +1)® _ (k—0+1)
T _ Z(KZ _ KN 7 T
he equation v(k + ) =3 BrCEn v(k), has a solution v(k) = ¢3 T(r—(+1)
k=

(i11) The solution v(k) = ¢ of the equation

3
F(H+§—£>

O
v(k+10) = r . (Z)v(/@) is obtained form
— 1) _
(k—1) (K + 2)
o(k) = I'(k—0+1)

nn—1—£+nr(m+%—e+1)

f;))v(/@ +0) + (ck + d)gg@(li) =0,a#0,c#0,

((1)%2)% (m+g—£+1>

(iv) The equation (ak + b)g

has a solution v(k) = ¢

d\ Y
ck+d)Y lc E K+E
since v(k + £) = —(+—);))v(/<) = ((1)55) uv(/{).
)

'k —a1)O(k — )W ... (k — ) O

(k— B1)O(k — B2)O...(k — B,)O

has a solution v(k) = acdl(k—on =L+ 10k —ap =0+ 1)..T'(k —a =+ 1)
T+ DD(h = o= L+ 1)..T(k — B — £+ 1)

(v) The equation v(k + £) =

v(#),
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Theorem 2.4.2. If f is a non- linear function, then the generalized Clairaut’s

difference equation

lu(k) = kApu(k) + f(Amu(k)), k € N (2.26)
has a solution
u(k) = %{m + (o)} (2.27)
and
(k+0)+ flolx)) + izzgg —Jlk) 0 (2.28)
yields another solution to (2.20) where v(k) = Apu(k).
Proof. By taking v(k) = Agu(k), becomes
ltu(k) = ku(k) + f(v(k)) (2.29)

and yields
(k) =(k+0Ov(k+0) —rv(k)+ flo(k+£) — f(v(k))
which is the same as

(k+ O)Aw(k) + f(v(k) + Apw(k)) — f(v(k)) = 0. (2.30)

which yield (2.27)) and ([2.28)), (2.30)) is possible if either Ayv(x) = 0 or (2.27) hold O

Example 2.4.3. The generalized Clairaut’s equation

tu(r) = kApu(k) + [Apu(r)] k€N (2.31)
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has solutions

(2.32)

and

2
14 K2
[Z Cpe ™7 Z] - (2.33)

Proof. Now (12.32) follows from ([2.31)), (2.27) and (2.28) corresponding to ([2.31)
Theorem and v(k) = Apu(k) yield

v(k+0)+v(k)+k+L=0, (2.34)

which has the general solution

— e 2.35
2 5~ 1 (2.35)

Now ([2.33)) follows from (2.31)), Ayu(k) = v(k) and ([2.35)). ]

Example 2.4.4. The generalized Clairaut’s difference equation

lu(k) = KAwu(KR) + Ag’i(/ﬂ?) .k €N (2.36)

has a solution

(2.37)
and another solution
5
A [er-nes)s) @re+))S) o
. a; =t Tl + 3 TZ e +c¢j if Kk is even
u(kl + j) = e ” (2.38)
[(@r-1)e+5) | 1 3 @re+5)%
a; Z G + 3 ;:0 D +¢; if K is odd,

where a;’s and c;’s are arbitrary constants and j = 0,1,2

-1
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Proof. Now (2.37)) follows from ([2.36)) and ([2.27]).

Taking v(k) = Agu(k) and (2.28)) corresponding to (2.36)) yields

1
l) = . 2.39
Wl +0) = —— (2.39)
From Apw(k) # 0, we get (k+ () + ! L] =0
¢ W8 Apw(k) [v(k+0)  vk)]
Since k € N implies k = (2n + 1)¢ + j or 2nl + j for some n € N and
j€40,1,2,...,0—1}, by (2.5)), we obtain a solution of (2.39) as
o(nt +j) = (2= 1) H](ff; o) (2.40)
(2n€ + j)2€
and
v[@n+ 1)+ j] = (2n ﬂ)(ffﬂ) . (2.41)
[(2n 4+ 1)+ jl3 0 ())
Now, (2.38) follows from (2.9)), u(x) = A, 'v(k), (2.40) and (2.41)). O
T(%4+2) . . ,
Theorem 2.4.5. If coc, # 0, then u(k) = (7 15 a solution to the generalized
[
Fuler difference equation
> ek + (= DAY AJu(r) = 0,5 € N(1) (2.42)
=0
if and only if X is a root of the equation
D (WY =o. (2.43)
=0
. : . 0(54) ... K .
Proof. By seeking a solution of (2.42)) in the form u(x) = t(3) with 7 + A different
7
. @r(s
from negative integer, from Aju(k) = % and ([2.43]) it follows that
L

> eli+ (- 14 (w%, (244)

J=0
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Since

(2.44) becomes

ch,gj(k)(j)r(?——:k) =0,
j=0 I (Z)

which completes the proof of the theorem. n

Corollary 2.4.6. u(k) = F§§+;) s a solution to the difference equation

]
S

ik + (i — D)OP ADu(k) =0 (2.45)
=0

if and only if X is a root of the equation

D A =o. (2.46)
=0

: L%+ A
Proof. The proof follows by replacing c; by ¢;¢"~7 in ([2.42]) and K”M #0. O

(%)

Corollary 2.4.7. The function u(k) = Fg%:;) is a solution of the difference
7
equation
S+ (G — DY ADu(k) = 0 (2.47)

J
3=0

if and only if X is a root of the equation .

Proof. The proof follows by replacing c¢; by Z—; in (2.42). O]

Corollary 2.4.8. If A\ = a+ 18 is a complex root of equation , then

L
up (k) = ) /ettﬁal cos (B1Int)dt
¢
0
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and
o

1 K
—H/e_ttﬁo‘_lsin (Blnt)dt
() "

are two independent solutions of , and .

us (k) =

Proof. The proof follows by taking ui(k) and us(k) as

F(%—I—a+%i) F(%+a—%i)

and uy(k) =

6

L

(%)
and Example



Chapter 3

Higher Order Delta Operator and

its Sum

3.1 Introduction

The fractional sum of a function f (or v** order delta integration) is defined by

(k) = 1 «— ['(k—s) uls
(A 00) = F5 2 ey (3.)

where v > 0, f is defined for s = a mod(1) and A~ f is defined for k = a+v mod(1).
Most of the mathematicians in this field are aware of this definition in phase are
(Summation form), but they are not aware of another phase of equation (3.1)). In

our research, we are taking care of the second phase called exact form (closed form

33
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) of equation (3.1]). Hence, we discuss equation (3.1)) in a detailed manner.
The authors are considering equation (3.1)) as a definition for all ¥ > 0. But our
finding shows that the equation need not be a definition, it can be considered as a

theorem for all positive integer v = n € N(1).

3.2 Finite Fractional Order Difference

Let Jy, be a subset of R satisfying the condition that a € J, if and ony if
a £ € Jy. In the following theorem, we are going to show that equation (3.1)) is a

theorem but not a definition if v is a positive integer n and a = 0.

First ,we give an example for proving the equation (3.1f) and which will be used in

the subsequent derivation.

Example 3.2.1. Consider the function u(k) = ™, n > 1, k € Z, where
k™ =k(k —1)---(k — (n — 1)) is the falling factorials.
Now, f(0) =0 and Ak™ = nr™ D A2 = n@x0=2 " A3gM) = nB)KE=3) ...

and in general, we have

AR = ng e < 5O =1, (3.2)

where n™) = n(n —1)---(n — (r —1)). From (3.30)), and the extension of (3.15),

we get

(n)
—r (n—7) _ K
A"k =0

(3.3)
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If we replace n by n+r in (3.2)), we get
(n+r)
ATEM = K—, n > 0. (3.4)
(n+r)"
g+
It is clear that A~ u(k) = — =0,r=0,1,2,3,--- Whenr =2,
k=0 (n+71)") k=0
(n+2)
A2 = 3.5
o= (35)
Substituting (3.5) in , we get
n+2 n+2 K—2
(n+2)@  (n+2)® por I'k—s—1)
i (n) (m) (m)
Suppose that k = 1000, (3.6 becomes
1000 +2)
———— = (998)1™ + (997)2™) ... 4 1(998)".
g — (9981 4 (99720 -+ 1(995)
Now, since T'(n) = (n — 1)['(n — 1), (3.6)) can be expressed as
Rl ) () () ()
Special cases: when n =0, 0! =1, we have
(@)
—=142434+--+(k—=3)+(k—2)+(k—1), (3.8)

2(2)

which is a well known formula.
For verification, if we take n =1 and x = 5 in (3.7)), we can have

53)

3@ = (4)0W + (3)1W + (2)2M + (1)3W),
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5.4.3
3.2

(i.e) =04+3+2(2) + 1(3) = 10.

Similarly one can verify formula (3.7)) for any positive integer n and .

Example 3.2.2. By taking r =1 in (3.4]), we get

(n+1)
AT = - 3.9
(n+1) (8:9)
If we take u(k) = k™, k € N(1) and applying [3.9) in ([3.24), we arrive
(n+1) o(n+1)
K
— =0 10 4200 4 g (g — 1), 3.10
(n+1) (n+1) ( ) (3.10)
By replacing k by k + 1 in (3.10)), it is obvious that
1 (n+1)
M =1 L o) . 4 k() (3.11)

(n+1)

For verification, if we take kK =5 and n = 3, then (3.11)) becomes

69 e o 6.5.4.3
- = 16) 4 26) 4 36) 1-46) 1 56) then =0+0+321+432+5.4.3.

_ . 6.5.4.3 , . .
(i.e), 1= 6 4+ 24 + 60 = 90. We will use the formula (3.11)) in the main
derivation.

The general form of (3.10) is given by

41 (n+1) (n+1) .
(K(n—l—)l) — (Z+1) a4+ (a+1)" 4+ 4 (k-1D"™, VKR if s —a € N(1).

(3.12)

For verification, if we take k = 4.5, a = 1.5 and n = 3 in (3.12), we have

(4.2)(4) B (1.2)(4) _ (1.5>(3) 4 (2.5)(3) + (3.5)(3)
(4.5)(3.51(2.5)(1.5) ) (1.5)(0.5)(20.5)(—1.5) (15)05)(-05)
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+(2.5)(1.5)(0.5) + (3.5)(2.5)(1.5)

1<9 753 31 13>___3 11_%5231%_75 3
27272 279272 0 2792792

4\2°2'2°2 2222
9.75.3 3.1.3
R =-311+5314+753=—-1+5+35=37

Thus, 9.7.5 — 3 = 8(39) = 312.

Hence, (3.12)) is valid for all real k and a such that kK — a € N(1).

Theorem 3.2.3. Assume that J; be a subset of real numbers such that 0 € J;

and k € Jy implies k £1 € J; and u : J; — R be a real valued function. If

A"u(k) = 0 forr=1,2,3,---n, then
. 1 .
(A QO(K)::E;ijTEE;@——S——lﬂ Yu(s), (3.13)

where k € Ji, kK > n+1 and integer .

Proof: From the definition of the delta operator A on u(k), we have
Au(k) =u(k+1) —u(k), kK € Jy (3.14)
and if Av(k) =u(k), Kk € Ji, then
v(k) = A u(k). (3.15)

Equation (3.14) and (3.15) are basic definitions. Remember that in (3.15)), v(k) is

an delta inverse of u(k). Here, we have assumed that

=0, r=0,1,2,--- ,n. (3.16)
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By taking
A (k) = v(k)(say), (3.17)
from and , we write
u(k) = Av(k) =v(k + 1) —v(k), Kk € Ji.
Replacing k by k — 1, we get u(k — 1) = v(k) —v(k — 1), which gives
v(k) =u(k — 1) +v(k —1). (3.18)
Replacing k by k — 1 in , we get
vk —1)=u(k —2) +v(k —2). (3.19)
Substituting (3.19)) in (3.18), we get
v(k) =u(lk — 1) +u(k —2) +v(k — 2). (3.20)

Replacing k by k—2,k—3, -+ - k— (m—1) respectively in (3.18)), we will be obtaining

v(k —2),v(k = 3), -+ ,v(k — (m —1)). Substituting all these values in (3.20), we

find

v(k) =ulk —1)+ulk —2)+ - +ulk —m) +v(k —m),

which can be expressed, using (3.17)), as

A u(k) = A u(k —m) = u(k — 1) +u(k — 2) + - - +u(k —m).

(3.21)



3. Higher Order Delta Operator and its Sum 39
If we take Kk —m = a in , then we can arrange as
A (k) — A u(a) = Hz_lu(s), KEZL, k>a+1 (3.22)
or _
=
A u(k) = o Z_:(t —s—1)Ou(s), k€ Jy, k—1—aecN(1). (3.23)
When m = k and a = 0, relation becomes
Ajtu(k) = Kl(t —s5s—1)Ou(s), keZ, k>1, (3.24)
s=0
where Ay u(k) = A u(k) — A u(k) o
By assuming A" u(k) L becomes
A (k) = w(0) + u(l) +u(2) + - +u(k — 1). (3.25)

If we replace k by k — 1 in (3.25) and k > 0, we have
A u(k — 1) = u(0) + u(l) + w(2) + - +u(k — 2).
Simalarly,

A u(k —2) = u(0) + u(l) + w(2) + - + u(k — 3).

A7 u(k —3) = w(0) + u(l) + w(2) + - - + u(k — 4).

A u(k — (k— 1)) = u(0)
A7 u(k — k) = A7 u(0) = 0 (assumption)

Adding the above all expressions, we get

A7 u(k =1+ A u(k —2) + -+ A7 (1) + A 1u(0)
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= Tu(k—2) +2u(k—3) +3u(k—4) +- -+ (5 — 1)u(0). (3.26)
If we replace f by A~V f in [B23), we will be getting

AN AT (k) = A7 (0) + A u(1) + A @) + -+ AT u(k— 1) (3.27)
and becomes

A~2u(k) = (K — Du(0) + (5 — 2)u(1) + -+ 2u(k — 3) + lu(k — 2),  (3.28)

where A™%u(k) = A (A u(k)), K € Z, k> 2.

Now, (3.28)) can be expressed as

2
1
A?u(k) — A zl—Zt—s—l u(s), k>2, KkEZ (3.29)
s=0

—2
which is the same as, Since A u(0) =0,

1

TE:t_S_l u(s), ke N(2). (3.30)

Considering the equation (3.28)), we arrive
Au(k) = (k — Du(0) + (k — 2)u(1) + (K — 3)u(2) + -+ + 2u(k — 3) + lu(k — 2).
Replacing x by k — 1 in gives
A2u(k—1) = (k—=2)u(0)+(k—3)u(1)+(k—4)u(2)+- - -+2u(k—4)+1u(k—3). (3.31)
Again, replacing k by K — 2 in yields

A ?u(k—2) = (k=3)u(0)+(k—4)u(1)+(k—5)u(2)+ - -+2u(k—5)+1u(k—4). (3.32)
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By replacing x by k — 3 in (3.32)), we get
A72u(k —3) = (k—4)u(0) + (k — 5)u(1) + (k — 6)u(2) + - - - +2u(k — 6) + lu(x — 5).

By continuing this procedure, we get
A7%u(k — (k — 1)) = 1.u(0).
A~ 2u(k — k) = A 2u(0) = 0.

Adding all the above expressions starting from , we can arrange
A72u(k — 1)+ A%u(k — 2) + A %u(k — 3) + - + A 2u(1) + A %u(0)
=142+ 4+ (k—=2)u0)+[1+2+ -+ (k— 3)]u(l)
+[14+2+ -+ (k—D]u(2)+- - -+ [1+2]u(k —4)+1[u(k—3)]. (3.33)
Replacing f by A=2f in (3.25), we get

A72u(k — 1) + Au(k — 2) + A%u(k — 3) + -+ + A72u(1) + A72u(0) = A %u(k).

(3.34)
Applying and in gives
(k — 1)(2) (k — 2)(2) 3(2) 2(2)
A73u(k) = TU(O) + Tu(l) +- 4 TU(/@ —4)+ TU(FJ —3)
= %((KJ — 1) (k —=2)u(0) + (k —2)(k = 3)u(l) + (k — 3)(k — Du(2) + - - -

+3.2u(k — 4) + 2.1u(k — 3)).

_ %((H —1)(k — 2)u(0) + (5 — 2)(ss — 3)u(1) + - -

+3.2u(k — 4) + 2.1u(k — 3)).
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= %((FG —1)@u(0) + (k — 2)Pu(1) + (k — 3)Pu(2) + -+ - + 3.2u(k — 4)

+2.1u(k — 3)).

:%Zt—s—l (). (3.35)

We prove the result (3.2.3) by induction on n.

Hypothesis: Assume that the following relation holds;
1 k—(n—1) :
—(n—-1) - - e 1\(n—2
A umy_nn_n > (t—s =1 Pus). (3.36)

s=0

where the falling factorial,
(k—s—1)"2D =(k—s—1)(k—5—-2)(k—5—3)---(k—s—(n—2)), (3.37)

Substituting (3.37)) in (3.36]), we obtain

Ay (k) = (k—s— 1) " 2y(s). (3.38)

Replacing « by £ — 1 in (3.40)) yields

;2)! ((/{—2)(”—2)u(0)+(5_3)(n—2)u(1)+(I€_4)(n_2)u(2)

A~ Dy (5—1) = (
n—

(m—mm4m6y+~44n—mmﬂmM—n». (3.40)
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A==y (1 —9) — ﬁ ((5=3)"2u(0)+ (5 —4)" Du(1) + (5—5) " Du(2)
(k— 6) " Du(3) + - + (n — 2)" Dy(k —n — 1)).
A=V (—3) — ﬁ (=) 2u(0) +(5—5)"u(1) + (x—6)"2u(2)

(k=7 " DuB) + -+ (n—2)" Du(k —n — 2))

(n —2)(n=2)
(n—2)!
A=Yy (0) = 0 (by assumption)

AP Dy(k — (k- 1)) = u(0).

By adding all the above equation starting from (3.40|), we find

AT Dy — 1) + AT Dy (5 —2) + AT Dy (5 — 3) + -+ -+ A7y (0)
- ﬁ (165 = 2)" 4 (5= )" 4+ 4 (n— 2)"2u(0)
+ (k=3P 4 (k=" 4. (n—2)"Du(1)
+ (k=" 4+ (k=5 4+ 4 (n—2)"P]u(2)
e (=2 (s = n)). (3.41)
Replacing u by A~ in (3.25)), we get
A’lA’("’l)u(H) = A’(”’l)u(ﬁ - 1)+ A’(”’l)u(n —2)+ -+ A*("’l)u(O),

which is same as

A"u(k) = A Dy(k — 1) + A~ Dy(s — 2) + -+ A=y (0). (3.42)
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Replacing k by kK — 1, n by n —2 and a by n — 2 in (3.12)), we obtain

(F"(; 1_)(:)_1) - (”(; i)(;)_l) = (n=2)" 4 (n-1)" 4 (r—2)"7P, (3.43)

Since (n —2)("~Y =0, we can arrive at

(k — 1)1

aon =TT A (- ) 4 (-2 (349

Similarly, it is easy to obtain

(”(%_)(;_1) =k =3)"P 4+ (k-4 D (n— 1) 4 (n—2)"? (3.45)
(H(%_)(;l) = (k=)D (k=5)" 4. 4 (n—1)" 4 (n—2)"?
and so on, and finally we get

(”(%_)(:)_1) =(n—2)"2, (3.46)

Substituting (3.42))-(3.46]) in (3.41]), we obtain

—n 1 (k — 1)(”_1) (k — 2)(n—1) (n — 1)(n—1)
A™"u(k) = (n—2)!< (n—1) (0) WU(l)ﬂL + = 1) u(m—n)),
which is same as
A7"u(k)—AT"u(0) = G _1 2 ((R—l)(”_l)u(())—i—(m 2)(”—1)u(1)

as A7"u(0) = 0.

Now, from the property of falling factorial, we find

(k=1)"V = (k= 1)(k=2)(k =3) - (k= (n = 1)),
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and ([3.47) becomes, since Xu(()) =0

1
A7 () = (=) Du0) - (5-2) D1 -4 (5~ (- 1)) Du(sm) ).
(n—1)!
which gives ,
1 k—n
Ag"u(k) = =1 (k—s5—1)"Yy(s), 1 <n<rkeN(1). (3.48)
" =0
and the proof ins complete.
Corollary 3.2.4. Let k € R = Jy and K —n—a € N(1). If A™u(k)] =0 for
r=20,1,2,--- ,n, then
1 K—n
A Mu(k) = D SZ;(/@ — 5 — 1) Dy(s), (3.49)

where A "u(k) = A™"u(k) — A "u(a).
Proof: The proof follows by taking k — m = a in the previous derivation.
Example 3.2.5. Consider the function u(k) = (k — 5)®),

(k —5)@ -1
keN@B)={3,4,---}u5) =0, A 'u(k)=-——"— and Au(x)| =0.
Ak —5)8) = (k —4)® — (k — 5)B)

=(k—4)(k—=5)(k—6)— (k—=5)(k—6)(k—T)
=(k=5)(k—06)k—4—K+T7=(k—5)(k—6).3
=3.(k — 5)®
Similarly, A(k —5)® = 4.(k — 5)®) yields that
(k —5)@

A7l (k —5)®) = — and A~ (k — 5)®) =0
k=)
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—5)6)

A2(k —5)®) = % and A=2(k —5)®| =0
. K=5

_ 5@
A3 (k —5)3) = % and A3 (k — 5)©) L= 0
and so on.
Takingn =3, k=11, a =5 in (3.49)), we get

1 o (k —s—1)!
ATk =5) = Z_; TErEE IS (3.50)

8
(k—=5)© 06 1
SEA _654:§Z<K_S_1)<K_S_2)(S_5)(3)

Putting k = 11 gives
69 18 6.5.4.3.2.1

654~ 21 21090 -5)(s =5 = === = 3)D)Q),

which completes the verification of (3.48]).

The following example shows that the above procedure is not applicable for geometric

and other functions.

Example 3.2.6. Consider the function u(k) = 2%, 20 #£0,
Now A2F = 25+ — 25 = (2 — 1)2% = 2%,
Similarly, A?2% = 2% gives A722% = 2%, 29 £ 0 and

A32% = 28 implies A732F = 2F,

Forn =3, (3.48]) can be expressed as

(1

AyPu(k) = (k—s—1)(k —s—2)u(s).

1
2!

K—
s

Il
=)
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If u(k) = 2", then we have

AT32% — AT32F

k=0 - 2!
Taking Kk = 5, we get
5 o0 L& 1 0 2
2 2= (55— 1)(5—s—2)2" = (4320 + 322+ 2127,
+ 5=0 .
which is not true. This example shows that A712F = A7228 = A732% = 2% s not

true.

Suppose that equation is true for all real v, it should be true for
positive integer. The correponding example [3.2.6| is not true for the function u
if A "u(k) = 0foralr=0,1,2,--- ,m(m=v).

Hence, a closed form for the equation has to be arrived atleast for

v = m(positive integer). In the next theorem we present such betterclosed form

relation.

Theorem 3.2.7. Let f: N(0) — R be a function. For k € N(1), if

A"v(k) = u(k),A"u(k)

=A,,r=0,1,2,--- n then we take v(k) = A "u(k)
k=0

/4,(1) 5(2) H('Il—l)
and Also assume that GI'(k) = A*”u(m)—An—An_lm—An_gm—- : -—Alm.
Then, we have a closed form for as

n n 1 — n—
G (k) — GR(0) = o ;(ﬁ —s— 1) Vy(s), k—n>1. (3.51)

Proof: From the proof of Theorem the equation (3.21)) is expressed as

A (k) = A7 u(k —m) = u(k — 1) +u(k — 2) + u(k — 3) + -+ - + u(k — m).
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Assume that k — m = a and u(k —m) is fized.

Now, by the new notation, the above relation becomes
A (k) — Ay =u(k — 1) +u(k — 2) +u(k —3) +u(k —4) + - +ula) (3.52)

where Ay = A7 (k) o is considered as constant.

If we replace k by k — 1,k — 2,k — 3,--- and a=0 in , we can get
A u(k—1) — Ay =u(k — 2) +u(k — 3) + u(k —4) + - - + u(0)
Au(k—2)— A =u(k—3)+ulk —4) + u(k = 5) + - - - + u(0)

A u(k —3) — Ay =u(k —4) + u(k = 5) + u(k — 6) + - - - + u(0)

A7 u(k —4) — Ay =u(k —5) + -+ u(0)

and so on A" u(2) — Ay = u(1) + u(0)

A7 tu(1) — Ay = u(0)

A7u(0) —A; =0

Adding above expression, we find (as in the proof of Theoremm
A7?u(k) — A™?u(0) — Ajk = (k — Dw(0) + (k — 2u(1) + - - - +2u(k — 3) + 1u(k — 4),
which is the same as

A2u(k) — Ay — A1k = (k—Du(0) + (k= 2)u(1) +- - +2u(k — 3) + 1u(k — 4), (3.53)

where Ay = A™%u(k) is considered as constant
k=0

If we replace k by k — 1,k — 2,k — 3,--- and kK — Kk in (3.53) and adding the
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corresponding expressions, we can easily find that

-3 e 132
_ A = _ (2)
Au(k) — Az — Asr A1 2;0:% 5 — u(s),
where Az = A™3u(k) » is constant

By induction hypothesis, we assume that

7(”71) K/(Q) 5(3) K/(n_Q)
A u(k) —Apg — Ap_ok — An—37 - An—4? — = 1(n ~9)!
k—(n—1)
S (t— 5 — 1)y (s) (3.54)
(n —2)! ’
s=0
where A, = A u(k)|  ,r=1,2,3,--- ,n—1.
k=0

Replacing k by k — 1,k —2,--+ |k — Kk in (3.55)) and using the formula

1(7“)_|_2(T)_|_..._|_(5_1)(7“) =

and adding the corresponding expressions, it is easy to arrive

H(l) K(Q) l‘i(n_l)

T_ g —

A_nU(I{)—An—An_l ol Alm

= G(K) — G(0) = ‘E:m—s—lnl)@L (3.55)
where A, = A7"u(k) s constant and the proof is complete.

k=0

Corollary 3.2.8. If A are zero forr =1,2,--- n, then (3.55) becomes (3.1)).

Remark 3.2.9. If we denote LHS term of (3.51) as Gj(k) — G§(0) = Fj'(k), then

(3.55)) can be expressed by

Z(/{ —s5—1)"Dy(s), k—a—neN(1). (3.56)
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Corollary 3.2.10. Assume that kK —n —a € N(1). Then, if we denote

/ﬁ;(l) /1(2) K(n_l)
Gn(k) = A "u(k) — A, — An_lT — An_QT — Alm. Then we have
1 KR—nN
_ - - — ¢ _ 1)r—1)
Gn(k) — Gu(a) ) D (k=5 = 1) Du(s), (3.57)

S=a

where A, = A7 u(k)

forr=1,2,3,--- ,n.
0

K=

Proof: Replacing k by a in (3.53)), we obtain

n a(l) a(2) a(n_l)
A u(a)_An_AnflT_AanT_' : '—Alm

= Gnla) = ﬁ Z;;(a —5—1)""u(s). (3.58)

Now ([3.56)) follows by substracting (3.58)) from(3.55]).

Corollary 3.2.11. Let J; = R — Z be the set of all real numbers not containing
negative integers . Let uw : J; — R be a function. Let n be positive integer and

choose k and a such that Kk —n —a € N(1). Let B, = A7"u(k) and define
/4;(1) /1(2) K/(n_l) R

Gl (k) = A "u(k) — B, — Bn_lm — Bn_Qm — = Blm.

Then, we have
1 K—n
Gl(k) — Gl(a) = C3] Z(Fa —s— 1" Vy(s), k€ Ji, k—n—acN(1).

Proof: The proof is similar to Theorem . (Repalcing 0 by a in (3.55)) )

Corollary 3.2.12. G%(k) is the most general form of A™"u(k) with respect to a,
k—n—a € N(1) and k € R — Z. If we denote FI'(r) = G(k) — G2(a), then we

have

1 K—n

Fl'(k) = CE] Z(Ii —s—1)"Vy(s), k€R, k—a—neN(1). (3.59)

sS=a



3. Higher Order Delta Operator and its Sum 51

Example 3.2.13. Taking u(r) = 2%, A=32% = 2% 20 +£ 0 in Ezample [3.2.6 and

using the Theorem|3.2.71, we have

() e
Gg(/ﬁ}) = A732K - Ag - AQT - A17 (360)
where A, = A7"2F ,r=1,2,3
k=0
A=At —os| =1 A = A28 =928 =1
k=0 k=0 k=0 k=0
and A5 = A732° =2 =1
k=0 k=0
Substituting Als in equation (3.60)), we get
(1) )
. K K
Golw) =2 =1 = = 5
As in the example taking k =5, we get
5 50 5.4
35y =25 —1- > -2 _30 1-5-2"_1¢,
Gy (5) 1 o 3 5) 5 6
G30)=2"-1-0=0., and

F3(5) = 16 ﬁ 2(5 Cs— 1)@ — ¢ (5) - ¢9(0),

Hence (3.59) is verified for positive integer k.

In the following theorem, we derive the result to a base‘a’.

Theorem 3.2.14. Let kK —n —a € N(0) and f : J; — R be function and

(Gl S )
1! "

FMk)=A""u(k) — B, — B 51
,k € R, where B, = A™"u(k)

(k —a)1)

= (n—1)!

, . Then, we have

CE] Z(/@ — 5 —1)"Dy(s). (3.61)



3. Higher Order Delta Operator and its Sum 52

Proof: From the Equation (3.21)), we have
A (k) = A u(k —m) = u(k — 1) +u(k —2) +u(k —3) + - +u(k —m) (3.62)

which can be expressed as

A7k —1) = A u(k —m) =u(k —2) +u(k — 3) + - - + u(k — m),

A u(k —2) = A u(k —m) =u(k —3) +u(k —4) + -+ u(k —m),

A7 u(k —3) — A u(k —m) =u(k —4) + u(k — 5) + - + u(k —m)

and soon. Finally we get

A u(k —m+1) — A u(k — m) = u(k —m)

A u(k —m) — A u(k —m) =0

Adding above terms starting from A 'u(k — 1), and replacing u by A~ u in

and using it, we find that
A7?u(k) = A %u(k—m) —mA u(k—m)

=mu(k—m)+(m—Du(k—m+1)+---+2u(k —3) + lu(k — 2).

(3.63)
By taking kK — m = a and hence k —a =m, (3.63) can be expressed as
— ) 2
A~2u(k) — By — & 1|“) B =Y (k—s—1)Wu(s), (3.64)

S=a

where By = A™%u(k)| By = A %u(k)

k=0

K=a

By induction and taking k € R,k —n —a € N(0), we obtain

(k —a)V
1!

(k —a)® N a)m=1

A7ulk) = Bu— By 2l Y1)

- Bn72
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:—;L—SfM—s—DW*MQ) (3.65)
(n— 1) = ’ '
where B, = A7"u(k) ,r=1,2,---n.
If we define L.H.S of (3.65)) as F'(k),. we find
1 K—n
n o e 1\(n—1)

Fl'k) = I ;(/@ s — 1) Hu(s). (3.66)

From (3.63)), we have

A7?u(k)—=A"?u(k—m)—mA ' u(k—m) = (m—Du(k—m)+(m—1Du(k—m+1)

+(m—2u(k —m+2)+ - +2u(k—3)+ 1lu(k —2), m=rk—a

which can be expressed as

A7?u(k) = A 2u(k—m) —mA u(k—m) = lu(k—2)+2u(k—3)

+...+(m_1)u(;§—m+1)+(m—1)u(/@—m).

Replacing k by kK — 1 and m by m — 1 in (3.67)) yields

A?u(k—1)—A"2u(k—m)—(m—1)A " u(k—m) = lu(k—3)+2u(k—4)

+--+ (m=3)u(k —m+1)+ (m—2)u(k —m).

Stmilarly,

A72u(t—2)—A2u(t—m)—(m—2) A" u(t—m) = lu(k—4)+2u(k—5)

+od (m = 4u(k —m+ 1) + (m = u(k — m),

(3.67)

(3.68)
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A2u(k—3)—A"?u(k—m)—(m—3) A" u(t—m) = 1u(k—5)+2u(xk—6)
+--+(m=>0ulk—m+1)+ (m—4)u(k —m),

and so on. Finally

A2u(k —m+1) — A%u(k — m) — 1A u(k — m) = lu(k —m).

A7 2u(k —m) — A 2u(k —m) = 0.

Adding the above equations starting from , replacing u by A=2u in and

using (3.12)), we derive

1 (2)
A Vy(k) = A~ Vy(k —m) — _ml‘ ~(=2y(k —m) — 77; A==y — m)—
mm=2 (n—2)m=2 (n —1)®-2)
e (n—2)!A u(k —m) = =2 u(k —n+1)+ = u(k —n)
(’I’L*Z) . 1 (TL*Q)
+ EZ)_ 2)!u(f<c—n—1)+.__ <m(n _)2)! uw(k—m), m=~r—a, k—a—n € N(0)
(3.70)
Replacing k by k — 1 and m by m — 1 in (3.70) yields
—n= —(n— (m - 1)(1) (n—
A1)~ &0 Ve ) = T 0
(m— 1)@ . (m— 1)  (n—2)?
o A u(k—m)— (=2 A7 u(k—m) = Wu(ﬁ—n—l—l)



3. Higher Order Delta Operator and its Sum 55

(n —1)=2) (m —2)("=2)
Similarly,
— )M
A~ Dk —2) — A Vy(k —m) — (m 1‘2) A~ Dy (kg —m)—
(m—2)® s (m—2)"2 _(n—2)=?
5 A u(k—m) —WA u(k—m) =2 u(k—n+1)
(n —1)(n=2) (m —2)"=2)
and so on. Finally, we arrive
1@ 1(2)
A Dy —m—+1) =A™ Dy (s —m) — TA_(”_Q)U(/{ —m)— TA_("_?’)u(m—m)
(-2 (n — 2)("=
_...—mA 1U(K/—m) = WU(K/—m)

A= Dy (s —m) — A~ Dy(k —m) = 0.
Adding all the above relations starting from ([3.71)), replacing u by A~V in (3.21))
and using (3.12)), we arrive our required result as below:

AP Dy — 1) + AP Dy(k — 2) + -« + AP Dy(k — m) — mA~ " Dy(k — m)

e _1!1)(1) i m _1!2>(1) P %) A==y (5 — m)

A I s g e

e O

{(ﬂ”b(n—f);;—” n (m(n—il);;—” T %}Alum -1+
(m—4)"?  (m—5)""? (n—2)(2

{ (TL—2>‘ + (n_2>‘ +'--+W}A_lu(/f—(m—2))+
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(n —2)(n=2)
)

From (3.12) and (n —2)™Y =0 and (3.21)) the above expression becomes

u(k —n—1),

1 (2
A™"u(k) — A "u(k —m) — m—A u(k —m) — m—A Du(k —m)
3) (n—1) — 1)(»-1)
—m—'A_("_3)u(/<; —m)— = m 'A_lu(/i m) (m — 1) —u(k —m)
3! (n—1)! (n—1)
m — 2)m=1) m — 3)n=1) n— 1)1
—i-( n _)1)! u(m—m—i—l)—i-( n _)1)! u(k—m-+2) ( o _)1>' u(k—n—1)
(3.72)
By taking Kk —m = a, kK —a —n € N(0), (3.72) can be expressed as
, o (sea)® (5 — a)
A U(K)) - Bn - TBnil - ol Bn72 — WBl
k—a— 1) K —a—2)" n— 1)1
_ | (n—li! u(a) ( (n—lg‘ u(a+1)+~--+ﬁu(ka—n—l),

(3.73)
where B, = A "u(k —m), r =1,2,3,--- ,n and which completes the proof.
In the following theorem, we discuss higher order delta invere of constant function

u(k) = 1.

Example 3.2.15. Consider the function u(k) = 4%. Then A4" = 3.4"
yields A™"u(k) = 37745, r=1,2,--

Taking k = 4.5, a = 1.5, n = 3, we get

1

Bi=AT| = (3)a09 =
3 3
1

By= A4 ( )4 58
9 3
1

By= A4 = ( )4

’ 27




3. Higher Order Delta Operator and its Sum 57

EPRVE) AN
F1(.35)(’<¢):A_345—Bs—32—(ﬁ 1'a) —Bl—(li 2?)
45 g 830 g3 44 g 8 832
FOuyupn 2 __ 2 227 °29 % o9 © S5 ©°92<
15 (45) 27 27 9 1 3 2 27 27 9 3 2!
8

1 45
= _[43-1-9/-8=8x2-8=8=_ > (45—s—1)D4.
27 2!5:1.5

Hence, (3.67)) is verified.

Example 3.2.16. Consider the constant function u(k) =1, k € R.
Since k0 =1, we have u(k) = £, u(0) =1, k0 =1, a =0.

1
A_l(l) = A_IH(O) = K/l—‘ = A, =0.

2)

A1) = A0 = T = 4y =0,

(3)
A=3(1) = A3 = “3—‘ = Ay = 0.

, RORENC I
GO(KJ) = ? - 7, G0<0> = 0, k = 10.
10 10® 1098 10.9
Gio(10) = 3 2 32 g
17 TI'(10—ys) 1L (9—9)
F310)= =5 ——— "% _y(s) == 1
0100 =3 2 prg 59U = 3 2 7y

=36+28+21+15+10+6+3+1=120.

In the following example we assume the origin ‘a’=0.

Example 3.2.17. Let u(k) =1, for all k € R, a = 1.5 and using (3.4)), we have
(k —a)®
1!

(k —a)®
2!

A1) =AMk —a)? = —(K —

— )@
A1) = A - a)® = C0 -
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_ _ (k —a)® (k —a)®
A1) = A3k —a)? = B3:T H:a:O

By (3.65)), we have

(k —a)¥ (k —a)¥

A_3<1)—B3—B2T—B1—:—Z —5—2)O01).
(k —a)® =
T:—Z/@—s—l)(m—s—Z) t —a € N(0). (3.74)
(85—-1.5® 1 33
If we take k = 8.5, a = 1.5, (3.74)) becomes T Z (7.5 —5)(6.5—5).
: s=1.5

% = %[6(5) +5(4) +4(3) +3(2) +2(1)] = 3(5) + 5(2) +2(3) + 3+ 1 = 35.

Remark 3.2.18. From the property of Gamma function, we have

F'k+1)=k(k—1)(k—2) - (k—r+ 1)(k — r + 1),which yields

I'k+1) .
) — " 7 1).
K T+ 1) if r € N(1)
Definition 3.2.19. The falling factorial for real index v is defined by

I'(k+1)
W — T ) 1 — 0.—1.—2.... 1.
R F(/{-‘-l—y)?f{l—f_ V¢{7 9 9 }

Theorem [3.2.14f motivates us to find the exact form of LHS of (3.1)).

Let u be a real valued function, k and a belongs to domain of u such that k—a € N(0).

If there exists a real valued function F, depending on a and v > 0 such that

BN B ['(k—s) uls
) = ) L T s = =) (3.75)

then F”(k) is called as exact form of v** fractional sum of u(k) based at a.



3. Higher Order Delta Operator and its Sum 59

(i) If u(k) = 1,k € R and v = n € N(1) then Example shows that

nron (k —a)™ 1 — I'(k —s)
W) = Ta51 ~ 1o ;r(n—s—(n—m)“(“)'

(ii) If u(k) = k™), k € R and v = n € N(1) then

ne oy (k —a)vm B I'(k —s)
F'(k) = v ) T(—s— n_l))u(s).

(iii) If u(k) = (k — @),k € R, k —a € N(1) and v = n € N(1) then

ne v (k=a)tn) I <= ['(k—s) .
Fai() (v +n)™ F(n);F(/f—s—(n—l))<S_a)( )

3.3 Higher Order Alpha-Delta Operator

The forward difference or operators is applicable in solving the problems in
mathematical sciences, physical sciences, life sciences, scientific engineering. The
numerical solution of m-th order difference equation is AJv(k) = wu(k), when

v(0) = 0 is obtained by

Ss—m

A, Mu(k) g = ,,Z::’] #—)‘%u(m — (m+nr)0), (3.76)

where Ayu(k) = u(k + ¢) — u(k), and I' is a Gamma function.
It is also possible to develop fractional order anti-difference corresponding to
equation (3.76) by replacing the integer m into real number v > 0. The

corresponding numerical solution for v-th order alpha-difference equation A, jv(k) =
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u(k) has been developed by many authors. When o = 1, ¢ = 1, the alpha delta
operator becomes the usual forward difference operator A. For more details on alpha

difference operator and its inverse one can refer [II, [0, [8] 34].

3.4 Finite Fractional Order Difference

In this section, first we present anti-difference A, A, and A, for arriving at the

general formula for numerical solution of fractional difference equation A” v(k) =

14

u(k), when v(0) = A u(?)| 0.

t=0 —
Lemma 3.4.1. For any positive integer n, we have

(1 + 1))

1(") + 2(") + 3(”) 4+ 4 /ﬂ(") — , (377)
n+1
n—1
where K™ = [[ (k — 7).
r=0
Proof. The proof follows by induction method. n

Theorem 3.4.2. Let k = sl, 0 <l < 00, m < s, u(0) =0 and m € N(1), Then

A Mu(k) = %u(m — (m+r)l). (3.78)

Proof. Let ¢ be any real in (0,00). Then, Aju(k) = u(k + ¢) — u(k)

Since k = sf, where s € N(0), we take

v(k) =u(k =€) +u(k — 20) + u(k — 30) + - - - 4+ u(0) (3.79)
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v(k +0) =u(k) +u(k —0) + u(k —20) + - - - + u(0) (3.80)

(379 — (3:80) = A (k) = u(k), which gives A, 'u(k) = v(k),
where v(k) is given in (3.79).

Hence A;'u(k) = u(k — €) + u(k — 20) +u(k — 3€) + - - - + u(0). (3.81)

Taking A, ' on both sides,
A 2u(k) = A u(k — 0) + Ay u(s — 20) + Ay u(k — 30) + -+ + A Mu(0)
By applying for k — ¢, we get
A 2u(k) = u(k — 20) + u(k — 30) + u(k — 40) + -+ +u(0)+
+u(k —30) +u(k — 40) + u(k — 50) + - - - + u(0)+

+u(k — 40) + u(k — 50) + u(k — 60) + - - - +u(0)+

+u(30) + u(20) + u(f) + u(0)+
+u(20) + u(l) + u(0) + u(f) + u(0) + u(0)

Grouping the terms, we find that

1) 2(1) (s — 1)(2)
A (k) = ?u(/ﬁ —20) + TU(FL —30)+---+ TU(O), where kK — sl =0
Again taking A, ' on both sides and by using (3.77)), we get

2(2) 3(2) —1)®
Au(k) = =—u(k — 30) + —u(k — 40) + -+ + uu(O), where kK — sl =0

1! 1! 1!

Proceeding like this, we arrive

—m (m — 1)(772—1) m(m_l)
(s —1)m=1)
+ o+ ————u(0), where kK — sf =0

(m—1)!
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B I'(m) (ke —m L(m+1)
= T = (m = )i ?+Nm+y4m_mwm
xum_@n+n@+iwn+@qE;fE:@wawmm,
which gives . O]

Corollary 3.4.3. Assume that Av(k) = u(k) and v(0)=0. The m-th order delta

inverse of u(k) is defined as

}: +T (k= (m+7)),n € N(m). (3.82)
r=0
Proof. The proof follows by taking ¢ =1 in Theorem 4.2.2. O

Corollary 3.4.4. Let k > ml, 0 < { < oo, u(k —ml) € N, Then

m )@
Aru -y wEn ”+T (k=€ —re), (3.83)
r=0
where n) — Lt
Fn+1-v)

3.5 Higher order /- Delta operator

In this section, we arrive at the general form of fractional order delta operator

on trigonometric function.

Theorem 3.5.1. For positive real m and ¢ # 0, we have

( ¢
Af'sink = 2" sin” (5) sin(% + m7 + k) (3.84)
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Proof. By the linear operator Ay on sin x, we have Aysin k = sin(k + ¢) — sink

which is similar to Aysink = 2 cos(ZHE) sin(#H=5) = 2 cos(k + £) sin(£). Thus,

l l
Aysink = 2sin(§) sin(g + ) + k).

Taking A, again on both sides of ([3.85)), we get

l l
AZsin Kk = QSin(E)Ag sin(g + 3 + K).

While solving the above relation, we obtain

l l
AZsin k = 2 sing(é) sin(Qg + 25 + k).

Again taking A, again on both sides of (3.86|), we get

l 3 3¢
Al sin k= 2 sin®(2) sin(—w + — +K).
2 2 2
Proceeding the steps up-to m times, we find
l l
AJ'sink = 2™ sinm(ﬁ) sin(—W;7T + m? + K).

Theorem 3.5.2. For positive integer m and ¢ # 0, we have

l (
A} cosk = 2™ sinm(ﬁ) cos(% + m7 + k).

Proof. The proof is similar to Theorem [3.5.1

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)
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Example 3.5.3. Tuking v = 20 in (3.84)) and (3.89)), we get

AP (sin k) = 2% Sin20(§) Sin(QOT” N 270[ h)

Remark: We can extend the relations (3.84) and (3.89) to negative integers

also.

3.6 Inverse of Higher Order Alpha Delta Opera-

tor

In this section, we develop the theory of higher order of alpha delta operator

and its sums on trigonometric functions.

Definition 3.6.1. Let ¢ > 0 and u,v be two functionsand o # 0. Then the alpha

delta operator A, on u(k) is defined by
Aqrou(k) = u(k £4) — au(k). (3.90)
If Ay +ov(Kk) = u(k), then the inverse is A;lﬂu(/{) =v(k) + ¢, ¢ is constant and
AZL ()l = o(d) — av(a). (3.91)
Theorem 3.6.2. The higher order of alpha delta operator on sin k is obtained as

Al sink = sin™ £sin (% + li) , a0 = cos/. (3.92)
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Proof. From the definition of A, ¢, we have
Ay sink = sin(k + ¢) — asin k and taking a = cos ¢, we find
Ay gsink =sink cosl + cos ksinf — cos{sin Kk = cos K sin £
. . s
= sin £ sin (§ + /i).
. 9 . Lo . 2T
Similarly, A, ,sin k = sing sm(; +n).

a,l

In general, A, sin k = sin™ ¢ sin <% + /<;>, which is (3.92)). H
Theorem 3.6.3. The higher order alpha delta operator on cosk is obtained as

Al cos ks = sin™ £ cos (% + /i) ,a = cos /. (3.93)

Proof. Since A, cosk = cos(k + ) — acos k and taking o = cos ¢,
Aypcosk = coskcosl —sinksinl — cosfcosk = —sinksin
. 7r
=sinflcos (= + k).
2
2m
2 — win?
A7 ,cos k = sin” £ cos (7 + /4:).

In general, A7, cos x = sin™ £ cos <% + H), which is (3.93)). ]
Theorem 3.6.4. The higher order alpha delta operator on sinak is

Allysinak = sin™ al sina(% + /43),04 = cosl,m € N(1). (3.94)

Proof. Since A, sinak = sina(k + ¢) — asinak, and taking a = cos al
Ay gsinak = sinak cos al + cos ak sinal — asin ak = cos ak sin al

. . ™
= smaﬁsma(g +I<L).
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2T
A2 jsinak = sin® al sin a(7 +n).

In general, A7, sinax = sin™ al Sind(% + K), which is (3.94]). O
Theorem 3.6.5. The higher order alpha deltaa operator on cosak is

Al cosak = sin™ al cosa(% + K) ,a = cos/. (3.95)

Proof. From A, cosak = cosa(k +{) — acosar and a = cos al, we have
Aq ¢ cosak = cosak cos al — sin ak sin al — cos al cos ak = — sinak sin al
. s
= sinaf cosa 5 + K.

AQ

. 9 2T
cycosk =sin“alcosal — + K.
’ 2

In general, A7}, cosak = sin™ al cos a(% + K), which is ([3.95)). O

Theorem 3.6.6. The higher order inverse of alpha-delta operator on the sine

function is

Al sink = sin™™ £sin (K - %) , a0 = cos/. (3.96)
Proof. From A sinx = sin™ £sin(%" + k) and m = —m,
sin (/@ — %)
ALY sink = 7
AT sin (Ii — %) = sin K sin™ /.
Similarly AJY"sink = sin™"™ £sin </{ — %), which is (3.96]). ]

Theorem 3.6.7. For any real function u(k) defined on R and m € N(1)

A;ylgu(/{) — O/”A;’lgu(/i —ml) = Z o tu(k —rl). (3.97)

r=1
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Proof. From the definition of inverse of alpha delta operator we have,
A;léu(li) =v(k), v(k+YL) =u(k)+ av(k). (3.98)

Replacing kK by Kk — €, k — 20, k — 3(,---, Kk —ml in ,

v(k) = u(k —0) + au(k — 20) + o?u(k — 30) + >u(k — 40) + - - -
+ a™ tu(k — ml) + a™v(k — ml)

v(k) — a™v(k —ml) = u(k — £) + au(k — 20) + o?u(k — 30) + Pu(k — 40)
+ -+ o™ u(k — ml)

A (k) — oA ju(k —ml) = u(k — £) + au(k — 20) + o*u(k — 30)
+ @Pu(k — 40) + -+ + o™ tu(k — md)

which gives (3.97)). O

Example 3.6.8. If u(k) = sink, then the equation (3.97)) becomes

A ysing —a™Aysin(k —ml) = Y7 a"sin(k — ()

Taking k = 5,a = cosl,{ =1, m = 2, we have
A;lé sin k — (cos E)mA;’le sin(k — mf)

= sin"(1)sin(5 — %) — sin~'(1)(cos(1))*sin(3 — %)

— sin~}(1) [Sin(S — %) — (cos(1))*sin(3 — 3)]

sin(—85) — cos?(1) sin(—87)
sin(1)

sin(4) + cos(1) sin(3) = = 0.1221 = 0.1221.

Thus, we extend the theory developed in chapter 3 to the /- alpha delta
operator and arriv at the higher order alpha delta operator and summation formula

on trigonometric functions.



Chapter 4

Properties of Extorial Function

In this chapter, we introduce a new function called extorial function. Also

we arrive as certain results involving the above function and its properties.

4.1 The ¢ - Extorial function

The newly defined ¢-Extorial function is arrived by replacing the polynomial

k" by polynomial factorial function my) in the exponential function e®. The formal

definition of extorial function is given below.

Definition 4.1.1. The (-extorial function denoted as e(né”)) is defined as

(m (em)(3m)

Ky Ky ¢
T o T g oo, (4.1)

6<I€én)) =1+

where |[¢] <1 and n,r € R.

68
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Lemma 4.1.2. [75] Let |[¢| <1 and k a real variable. Then the following holds.

(i) e(k$")=e”, (ii) e((—k){") = —oo0, (iii) e(k_ ) = o0,

1 2 3
(iv) e((—r)y") =1 - A L S
¢ 1! 2| 3! ’
(v) e((—ﬁ)(l)) _q_ Kél) n Hf) B Kéd) et 00
- 1! 2! 3! ’

(vi) Age(i) = Le(r), (vii) Ape(s(™) = Cre(xV).

Lemma 4.1.3. [15] Let k be the multiple of ¢. Then e(/iﬁl)) can be expressed as
()

. . ) @ g,
finite series such that (i) e(/ﬁél)) = Z—:o %

(i1) For any ¢ € N, e(—ﬁ)gl_)@ =1—/{ and (ii1) For k1,ke € R and ¢ € (0,1),

e(k1 + /42)151) = e(k1)Y e(ng)él). (4.2)

By expanding the terms and making simplification, we get the proof.

4.2 The /- Extorial for Negative Index

In this section, we define extorial function for negative index and find relation

among the delta operators.

Definition 4.2.1. If /{ém) # 0 forn >0 and r € N, then the negative index extorial

function is defind as

(my_qpr 1L
R TR T INDR TI COE (43)
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. (=1)y (-1) = r 1
Remark 4.2.2. (i)e(1 )—;:0 (r‘)Q’ (ii)e(—1; ) 7;)(—1) O
(1) ) (3)
1) (m’f)(me) (m“)(m@ (m“)(me)
()el(mi) ) =1 == F = g e
Lemma 4.2.3. Let ™ 0, where n € N and |{| < 1. Then,
Ae(ry ) = ——=e((k —nb); ™). (4.4)
(k+0),
11 1 1 1 1
(=n)y _ - fl — .
Proof. From (4.3), e(k, /) =1+ 11 + o1 ) + 31 +---+00
¢ ¢ ¢

11 1 1 1 1

A PNy = A1+ ——— + — — e
€(6<"Ge ) 1+ 1! K/én) + 21 f-@f") - 3l Hé?m) T +00)
1 1 1 1 1
=(1-1)+Ay )—i-Aez )—i-AegW-l-"’
e "fe Ry
1 —nf 1 —2nl 1 —3nl

1 (/ﬁ} + g) n+1 2[ (/ﬂ} + é) 2TL+1) (F.} + g) 3n+1)

AN UV U U SR S
(k + €) (n+1) 1! (k — nﬁ)gn) 2! (k — nf)gzn) ’
which gives (4.4)). [

Lemma 4.2.4. Let k and ¢ > 0. Then any positive k and ¢ € N, we have

iy, . 11 11 1 1

The proof follows from the definition of extorial function.

4.3 Higher Order Extorial and its Difference

In this section we define higher order extorial function apply A, on it and obtain

some results relevant results.
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Definition 4.3.1. For { € (—1,1) and k € R, the n'™ order (-extorial function

denoted as e, (k) is defined as

(m 0 (30

_ Ky ¢ ¢
enle) =1+ al (2n)! - (3n)! oo (45)

From the definition of extorial function, we obtain following lemma.

Lemma 4.3.2. For any real k and ¢,n € N, we have

en(/{(fg)) if n is even
(i) en(—ke) = () (2n) (3n)
1_ Ri—o i o _ Fip + -+ ifn is odd

and

€n(fi(€)) if n is even
X En\—KR(-p)) =
( ) ( ( f)) (K;>(n) (K>(27’L) (H)(3n)

1— e g NV L ifn s odd

n! 2n! 3n!

Lemma 4.3.3. Let k € R and n,¢ € N. Then, we have

(mn 1)

Agen (ke 262 mn—l 1 nm # 1.

1

Proof. We shall prove this by induction method
@ @ 6

e(e):1+”25!+j,+é!+---+oo _
Agea(ke) = Ay 5) + Az (4) + Aeﬁg) + - 4+oo=/ ngll) + Hgé::) + /15) + -
es(re) =1+ “?%T) + %T) + 'ﬁ) +-+00 _
Ages(ke) = Ay /{5) + Ay Kg) + Ay ng) +--4oo=/ KE) + Hg) + /15) + -
In general, we find for n > 1 _ _
Agen(kg) =1 5 + " + o7 +o | =0 i —Kﬁmn_l) O

(n—1! @2n-1)!" (3n—1)! m=1 (mn —1)!
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Lemma 4.3.4. For any positive integer m, we have A} e, (ko) = " em(kKe).

m e (3)

Proof. Ayeqy(ke) =0+ Agﬁl— + Ag— + Ag - = ley(Ky).
(2) (4) _.(6)
K K Ky 26&4(1) 4lke(3)  60Ke(5)
Aveale) =0k A b Ay A e = = 1 6!
20( R 40(3¢kY)) | 60(50kY"
AZey(ry) = <QIT€ ) + (4:{‘] ) + <6'K€ ) + -+ = (Pey(ky), which yields
AV e (ke) = 0™ e (k). O
o (—m) o €m</€g)
Lemma 4.3.5. For positive m and real k, we have A, " e, (k) = om0 ¢eN.
Proof. From the lemma (4.3.4), we find A} e,,(ke) = 0™ e (k).
Taking A,™ on both sides, we get
AT (Ao (se)) = A (0 ich gives AL ey (xg) = Tt
7 vem(ke)) = A" (e (ke)), which gives A, ey, (k) = o O
Definition 4.3.6. For |{| <1, and n € N,e(_,(k¢) is defined as
(ko) =1+ L + ! . + ! = + -+ (4.6)
e(—ny(Ke) = — -+ + o0. :
(A nl kT (2n)1 20 T (Bn)l )

Lemma 4.3.7. For ( € (—1,1) and positive k, we have

1 1 1 1
Aée(—n)(’w) = _g[(n _ 1) (/i + E) (n+1) + (2n — 1)! (/i + €)§2"+1)
1 1
+

o= 1! (- OF D

Proof. Putting n =1 in (4.6), we get

1 1 +1 1 +1 1
11 a 91 (2 Q1 (3
1.,{2) 21 ﬁ) 3,%)

1 1 1 1 1
Age (Iig) =1+ Ag —|— Ag —|— Ag
Z Z

6(,1)(/@) =1 +

+ -+ 00

1

3,
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1 1 1 1 1
= O] @ ol TR
k+02  YwE+0P  2(+0p)
Putting n = 2 in , we get
(ko) =1+ L + L1 + L1 + e+
6_2 K/e = —_ _ _ .. X0
B Z!KEQ)I f! KE4) 16! 7(6) 1 1
B 1 1 L1 1 1 L1 1 1 +
1Wﬁ+@9 A(k+0P Bkt '

Putting n = 3 in , we get
1 1 1 1 11

e(—s)(’fe):1+3 5 +§K(9)+-~-+oo
f !
1 1 1 1
@ Z g
) R S S +1 1 -
R I
In general,
1 1 1 1
Aveny(ie) = ~L| +
(=n) (n—1)! (/i—i—ﬁ) (nt1) T (2p — 1)1 (/<a+€) (2n+1)
1 1

4.4 Extorial Type Solution of Difference Equation

In this section, we obtain extorial type solutions of higher order linear
{—difference equations with constant coefficients.

Consider the n*" order linear difference equation

An An—l
< " + a,_ 1/ - —|—--~+a0) u(k) = e1(tk), (4.7)



4. Properties of Extorial Function 74

where a}s for i = 1,2,3,...,n are constants. Now we consider the homogenous
equation
A} A1
(ang—n + an,lef—_l +- 4 a0> u(k) = 0. (4.8)

Assume that u(x) = e;((mK)(me) as solution of (4.8). Then we get

an . Z&n—l m
<an 461((27:5)( £) +a, ¢ 627(1(_7115)( 1) 4o+ a0@1<<mf<@)(m3)) u(/i) =0.

(4.9)
Now Ager (mk)mey = mler(me) me, Ajer(me)mme = (ml)?e1(mk) ne).
In general, Aje;(mk)mey = (ML) e1(MK) (o).
Substituting the values in , we get
Qn,

n (ml)™e1 (MK ) me +

Apy

én—l

(ml)" ey (MK )me + -+ + ager (MmK)me = 0,

which gives

an n anl n—
(e—n(mﬁ) o (ml) T a0> ~0. (4.10)

The auxiliary equation for (4.10)) is obtained as
apm™ + @p_ym" - ag = 0. (4.11)

Therefore, suppose that m is a root of ([{.11)), e1(mk) (e is solution of ([4.§).
To find particular solution, since

Ager(th)i = er(tr) e (Arer (th) o — 1), Afer(tr) g = ex(th)wo (Acer (th) g — 1)
and in general, Aper(tk) ey = e1(tk) e (Acer (t5) e — 1), we get

[anA’g + an_lA?_l + 4 ao]
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e1(tK) () B
{an€1<(t€) — 1" +ap e () — 1)1+ ao} = e1(tk) (u)-

Hence the particular solution of (4.7)) is obtained as

e1(tk) e
aner((t0) — 1) + ap_req((t0) — 1)1+ -+ ag’

u(k) =
Case 1 : Suppose zeros are real and different,then the complementary function for

[4.7) is w(k) = Are1(MmiK)(mie) + Aze1(M2k)(mgp) + -+ - + Ane1(Mak) (m,e), where A;

are are constants, for all i=0,1,2,---n. Therefore the general solution of (4.7) is

u(k) = [Arer(m1K) i) + Aser(Mak) mae) + + -+ + Ane1(Mpk) omo |
(4.12)
€1 (t%)(tg)

+a”61((t€) - 1)n + an—lel((t€> - 1)n—1 + -+ ao.

Case 2 : Suppose the roots are real and same, then the general solution of (@ is

u(k) = [An + An_l(MIi)E;;)l) + An_g(mli)gﬁn;)z) +- 4+ Al(mﬁ)(mé)(l)} e1(MmK) (me)

+ €1 (t’%)(tf)
aner(t0) — 1) + an_rer (t0) — )" L+ -+ ag

(4.13)

The following example illustration (4.12)) and (4.13)).

4.5 Example

In this section, we present example to illustrate use of extorial function.

Example 4.5.1. Consider the linear homogeneous difference equation

(?_f _ 4% + 3) w(k) = 0. (4.14)
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The auxiliary equation is m? —4m + 3 = (m — 1)(m — 3) = 0.

Therefore roots are m; = 1 and my = 3 and (4.14)) has a solution.
From case 1, u(k) = Aei((r)r) + Be1((3r)30)) (4.15)

Example 4.5.2. Consider the difference equation

(%3 — 2% + 1) u(k) = 0. (4.16)

The auxilary equation is m? —2m + 1 = (m — 1)(m — 1) = 0. Therefore the roots
are m= (1,1) that is real and same. The complementary function is
u(k) = (A+ Bk)ei(ky) = (A+ Bk)ei(ky).

The following example illustrate and

Example 4.5.3. Consider the linear non-homogeneous difference equation

Afu(k) 3A?u(r<;) N 3Agu</£)

03 02 A u(k) = e1(tr ). (4.17)

The auxilary equation of (4.17)) is given by
m? —3m*+3m—1=(m—1)°=0.

So roots are m = (1,1, 1) that is real and equal.

Therefore the general function is u(x) = [A + B(m)él) + C(/@)gy)] e1(ke)

+ €1 (tli)(tg)
aner((tl) — )™ + ap_rer ((80) — 1)1+ -+ 4+ ag

We observe that extorial functions serve as solution of linear higher order
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(-delta difference equation. Hence it is posible to arrive at several applications in

life sciences.



Chapter 5

Riemann zeta Factorial Function

The extorial function is a sum of ratio of polynomial factorial functions
with factorials. This motivates us to introduce Riemann zeta factorial function like
extorial function. The zeta factorial function is a sum of reciprocals of factorial

polynomials.

5.1 Basic Definitions

In this section, we introduce Riemann zeta factorial function and its fractional
order, which is an extension of Riemann zeta function and obtain certain results
using difference operator.

(1 + 1)0m+D)

Lemma 5.1.1. 10 4 20m) 1 30m) ... 4 p(m) —
(m+1)!

78
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1)2)
Proof: Let 14+2+3+ - -+ kK= (/{2—2)')
S o=t A0 00
— 37 3! o 3! 3!
3)
k=1 +k-2)Y+ (k=3P +... 42+ ()P +(0)? = %
3)
@ 4 0@ 4 ... R
1428 e (= 1) =
Replacing k by k + 1,
1)®
1(2)+2(2)+...+(5)2:%

Stmilarly, we get

(,{ + 1)(m+1)

10m) 4 otm) 4 glm) 4 4 o(m) —
(m+1)!

Let u(k) be a real valued function defined on (—o0,00) and ¢ > 0. The

(¢-difference operator denoted as A, on u(k) is defined by

Apu(k) = u(k + ) — u(k). (5.1)
If there exits a function v(k) such that Ayv(k) = u(k), then v(k) is said to be the
inverse difference of u(k) and is denoted as v(k) = A, 'u(k).

The polynomial factorial having shift value ¢ is defined by
kY = k(k— 0k —20)-- (k— (n— 1)) and £” =1. (5.2)

For —1 </ <1 and k € (—o0,00), we have the extorial function

0 1 2 3
o _ A0 D

C T 1! 2! 3 T (5-3)

6(
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Lemma 5.1.2. [J§] If ¢ > 0, the inverse principle of Ay is given by

:O = Z u(k +1rl). (5.4)

r=0

Ay u(k)

-1 -1
If we assume that Au(oco) = Au(k)| ___ =c, then
¢ ¢ R=00

—c— (—iu(/@—l—rﬁ)) =S ulk £ ).

r=0 r=0
Definition 5.1.3. For { > 0, s € N(2) and (rx+t),'") # 0, the Riemann zeta

factorial function is defined by

Gk, s) = Z ; (5.5)

Theorem 5.1.4. Let s > 2, £ >0 and (k — 1) # 0. Then, we have

o0

1 1
) = e 0~ 2 s

t=0

Proof. The infinite series form of A, 'u(k) is given by

A tu(k) = — Z u(k +1rl)+c (5.6)
r=0
1
and A;l = +c, where c is a constant. O

s s—1
kY (5= 1)
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5.2 Higher Order Riemann Zeta Factorial Func-

tions

In this section, we define the higher order and fractional order zeta factorial

function and derive several identities related to infinite series.

Definition 5.2.1. For v > 0, the fractional order Riemann zeta factorial function

is defined as

¢k, s) = A7, 5). (5.7)

Theorem 5.2.2. Let v =2, 5 >3, (>0 and (k — 20);7> # 0. Then we have the

second order Riemann zeta factorial function as

K,S) = T ) s 5—
(thz (4 ( r+t)€)() (s — 1) (k —20)F?
(5.8)
In general, m'" order Riemann zeta factorial function is expressed as
= (t+ (m 1))< b 1
" (k,$) Z = . (5.9)

= (k+t0)F  tm(s — 1) (k — me)s™™

Example 5.2.3. when m =3,s =5,k =7, =1, equation (5.9) becomes
(2)
©  (t+1); 1
G(7,5) =X = :
=0 @UTH ) @ ()Y

Remark: Here, we give first three order zeta factorial functions
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S t—1) S 1
Ql(/{, S) = ( )1 ) (s)
=1 0l(k + (t — 1)0), t=1 (k+ (t — 1)¢),
o) = 53— D
G (K, s =
‘ t=1 11(k + (t — 1)6)&8) t=1 (K + (t — 1)6)25)
o t+ 1)
GHlws) = 32—
i=11.2(k + (t — 1)0),
In general,
& 1
we can get (5.9), since Z Z

Lk + (t—1)0)%

The following corollary gives relation between Riemann Zeta Factorial and Summa-

5 (K + w)

tion.

Corollary 5.2.4. If (k — 26)?—2) #0 and s > 2+ 1, then we have

CG(r,s) — (k+50,s) — b5 (k+20,8) + 5 i

4
CG(r,s) — Gk +Tls) —TC(k+30,8) + 7 =
and in general,

G(r,s) — G+ 2m+ 1), s) — (2m+ 1) (k +ml, s)

m1 t 2m (¢ 4 2)
+ @m + 1) 5 = (—)1()
i=1 (k+ (t+ (m —1))0), t=0 21(k + t0),

B(x,8) — Gk + 2m+ 1)L, s) — 2m+ 1) (k + (2m — 1), s)
_mo@+2)  @mt )+ 1)y
=0 2!(ks + t0) " (k410

Proof:  The proof follows from (5.9)).
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5.3 Finite Summation Formula

Theorem 5.3.1. Assume that u(k) be a real valued function satisfying the condition

A k), A u(k), A Pu(k), -, Ay ™u(k) at k = oo in Z. Then,

2 (r 4 (n— 1))y o (m+(n—1—¢)""
AZHU(K)|:+m£ - Z s E” _ 3')1 u(k +rl)+ m + { (n jt)!t))l Ay Mu(k +me)
: (5.10)

A[lu(/i)r)o = u(k)+u(k+0)+u(k+20)+- - 4u(k+ml)+u(k+(m+1)0)+--- (5.11)

Ag_lu(f{)}:img =u(k +ml) +u(k+ (m+ 1)) + (m+2)0) + - - (5.12)

From (5.11) and (5.12)), we get

A (k) |:+m[ = Z u(k +rf) (5.13)
r=0
From (j5.11)), we arrive
9] =1 -1 "
A (A uR) [T = % u(k) + % u(k + ) + % u(k+20) + - -+

=u(k) +ulk +0) +u(lk+20)+---
+u(k +0) +ul(k+20) +---
+u(k 4+ 20) + u(k + 30) + - - -

AZ2U(I€)|:O = w(k)+2u(k+L0)+3u(c+20)+- - +mu(k+(m—1)0)+(m+1)u(k+ml)+- - -

(5.14)
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Replacing « by & + m/{ in the limit of ((5.14)), we get
A2u(R)|7 = w(s+ml) + 2u(k + (m + 1)) + 3u(k + (m +2)) + -+ (5.15)

- gives

met (1 1)) o, |
uu(m +rl) + m1—1|Au(/~f)
I 7

K+mil

Af_zu(l{')}:—i—mf = ' 1!

K

I -1 -1
A (AZu(R) [ = A (k) + 28 ulk 4+ 0) + 3 u(k +20) + -+

=u(k) +ulk +0)+u(lk+20)+---
+2u(k + 0) + 2u(k + 20) + 2u(k + 30) + - - -

+3u(k + 30) + 3u(k + 30) + 3u(k + 30) + - - -

APu(R)]7 = u(k)+(1+2)u(k+0)+ (1424 3)u(k+20) + (1+2+3+4)u(k+30) +- - -

F(A+24 -+ (m+1))u(k +ml)
Replacing & by # + m/( in the limits
APu(R)| u(k+ml)+ (1+2)u(k+ (m+1)0) 4+ (1+2+3)u(k+ (m+2)0) +- -
(5.16)
ASPu(R)]T = (k) +(14+2)u(k+0)+ (1+2+3)u(k+20)+ (14+2+3+4)u(k+30) +- - -
+A1+2+ - +mulc+(m—-1)0+1+2+ -+ (m+1))u(k +ml)
+(1+2+-+m+2)ulk+ (m+1)0) + - --

Applying the formula 1 +2+---+m = (m + 1)&2)

(2) (2) 2)
_ o0 3 4 +1
A, 3u(/{)},i = u(k) + ﬁu(ﬁ—l—f) + #u(,{jL 2) + -+ %
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+(1+2+--+(m+1))ulc+ml) +(1+24---+ (m+2)u(k + (m+ 1))

(1424 + (m+3)u(k + (m+2)0) + - - (5.17)

Substracte (5.16)) from ((5.17)

) 42
Af’u(/ﬁ)‘:o — A Pu(k) :img =u(k) + ?u(/ﬁ +0)+ ﬁu(n +20) +---+
(2)
1
+%U(H + (m — 1)¢)

+(1+2+ - +m)u(k +ml) + mu(k + ml)
+(1+24--+ (m+2)u(k+ (m+1)¢)

F2mu(k+ (m+1)0) + (1 4+24+ -+ (m+2) Ou(k + (m + 2)0)

m—1 (2) 0 (1) 0
_ K (r+2) (m+1);7 -1 my’
A, ?’u(n)}HmZ = 5 u(k +1l)+ T1% u(R) ~|—1—1! 2u(k)
r=0 Kk+mb K+ml
By induction on n we get the proof of ({5.10)).
The following example illustrates the Thorem [5.3.1 [

Example 5.3.2. Taking n =4 in (5.10) we arrive at

ptme 2L (3@ 3. (m (4-1)
Afu(/i)‘; £ = > %u(qurﬁ) Z +3 t T A u(k A+ md).
r=0 t=1

1
Now taking u(k) = 5 and using (5.9), we find
kg

4 4 K !
G (r,8) = G (k+ml,s) = zjo 5T (k105
(1)

(m+ DY L (k+ml,s) —|—m—Ce (k+ml,s) (5.18)

m+2()
CES

G+ ms) +
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1
(s — 14k —a0)F

when ¢ =1, s=5, k=25, m=3, (}(k,s)=
1
(s = Ditw — 0"

First we find LHS of (5.18)).

and (} (k+ml,s) =

1 1 1 1 1
LHS = - _ _ _ 1 {1 1
@YY @ ey 482l 4s2
1[3] 1
24 |4| 32
3 3
RHSZZQ:(T—F?))g) 1 +£ 1
= 8 G 3@y
4P N 3 1
28 9P (6)Y 2 @) (5)P
B S e W) R S G
3 )P 3P 3@ 3@
421 . 31
21! @P (6)» 2! 1<4>§3> @52)

[ _+___

=120 T 180 T 252 336 240 160 32

Similarly if we take n=5, we have

s mol (4 4)Y (m+4-1)P"
A, 5u(/€)|,{+m£ = Z:o Tlu(n—l—rﬁ)—l—tzzl (5—t)1 Ay fu(k +ml).

mol(r 4 4)P 1 (m +3){"
5 ) / — 1 1 1 /
o) =G wambis) = 3, o T g G ()

(m){"

1!

2
(m+1)P
2l

N (m+2)®

T ¢ (k+ml,s)+

CeQ (k+ml, s)+

For verification we take £ =1, s =6, k=6, m =2 in (5.19)

¢} (k+ml,s) (5.19)
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Now, LHS is

> (k,s) — C(k+ml,s) = ! - = = ! _l
Cz( ) ) Ce( + K: ) (5)§5) (1)?) (5)g5) <3>§1) (5)§5) [1 3}

B 1 2] 1
- 5-4-3-2-11(3| 180

1 (4) (4) (3)
B (7‘ + 4)1 1 51 1 45 1
RHS =} T gam® " A (5D (1)@ T 5@ (6)
r=0 ( + T)l )1 ( )1 ( 1 ( )1
N 3 . 2 1
20 5P (5P 1 5P )P
RS SRR W NN L SN N S
4 )@ A Al G (m© 3 (5)P (6)Y
. 3 . 2 1
2606 e WY
1 1 1 1 1 1 1

=720 T 1008 T 2520 T 1800 T 1200 T 720 _ 180

Thus we have verified the Theorem (|5.3.1]).

5.4 Infinite Summation Formula

Theorem 5.4.1. (Infinite Summation Formula) Let u be a real valued function

ddefined on R and n be a positive integer.

If A;lu(n)h:w , Azzu(n)‘ﬁzm AR Azlu(/ﬁ)‘ then

-y (r+ 22:3'1 (ks + t0) (5.20)
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Proof. From ([5.6]), we obtain

A7 u(R)]™ =ulk) + ulk + €) +u(k +20) + ulk +30) + -

o 1 e "
A (A uk)| :%u(/ﬁ) + % u(k + ) + % u(k +20) + - -

=u(k) +u(k+0) +ulk+20)+ - +ulr+0)+ulr+20) +ulk+30)+---
+u(k+20) +u(k+30) + -+ u(k+30) +u(k +40) + - -

ASu(R)|) = (k) + 2u(k + €) + 3u(k + 20) + - --

o -1 -1 -1
A (A (k)| :u% (k) + 2% u(k +0) + 3% u(k +20) + - -

=u(k) + u(k +€) +u(k +20) + -+ 2u(k + ) + 2u(k + 20) + 2u(k + 30) + - - -
+ 3u(k + 20) 4+ 3u(k + 30) + - - - + du(k + 30) + du(x + 4€) + - - -
=u(k) + (1 +2u(k+0)+ (1 +2+3)u(k+20)+---

2)

3)(% () (5)¢

oo 2)
APu(k)] = u(k) + ( s—u(k +0) + S—u(k + 20) + ;,1 u(k+30) +---
By induction on n we get the proof of ({5.20)). ]

Corollary 5.4.2. For v > 0, the ¥ order inverse of u

0o o0 v (v—1)

[ u(k + tl).

t+1

0

NgE
¥

Proof. The proof follows by replacing n by v in theorem [5.4.1{and ;" =
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Example 5.4.3. The zeta factorial function for fractional order obtained as

) Nt (- )Y — !
R L P Tz
Cl(")(/{’s) i t+v |/<+t—|—1—s

—~wit+l s+t +1

K—v+1l—(s—v)

k—v+1
Z it+v |I§+t—|—1—$_’s—7l//€—8—|—1

< t+1 |+t +1 s |vn—v+1

If we take v = 0.1 s=0.5, k=3, then we find

S —V

T

1

Z |t+01 [A+t-=05 [04[05

t+1  [4+t  [05 [39

305

and hence

PT_[35 ﬁVjLVV !07

T R R o E O O

It is also possible to arrrive

@\ﬂ

Ao = ke

and from Corollary[5.4.4 we can obtain

—SK = = t+l/ —S(K
ey ™ =X ettt

K

Similarly one can obtain several results on zeta factorial functions.

The above are all extorial family functions arrived from factorial function and

exponential function.



Chapter 6

Extra, Partial Exponential and

Extorial Functions

In [I], the theory of difference equations is developed with the definition of
the difference operator Au(k) = w(k + 1) — u(k),x € N,N(0) = {0,1,2,---}.
Similarly one can define Aju(k) = u(k+¢) —u(k), Where 0 #¢ € Randu: R — R
is real valued function. In [27], the authors used the generalized difference operator

A, and established basic properties of A, such as product and quotient rules of A,.

90
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6.1 Basic Definitions

The second, third kind and n'* kinds of the generalized difference operators

are denoted by Ay, Agy gy.0, and Ag, 4, 4,... 4, Tespectively and defined on u(k) as

Ap (k) = Ap (Apu(k)), Ay pyeu(k) = Apy (Agy (Agyu(k)))
and in general Ay, g, o5 0, U(K) = Ay (Agy - - (Ag,u(k)))

By these operator, we obtain the generalized version of Leibniz theorem,
Binomial theorem. The theory of difference operator A, developed in [29] agrees
when ¢ = 1. In the continuous case, we have the integration by parts , Bernoulli’s
formula and several results in calculus. Motivated by the above situation, we define
extra exponential functions, sub exponential functions and extorial functions to

obtain solution of certain type differential and difference equations.

6.2 Partial Exponential Function in Differential

Equation

In this section, we define sub exponential function, denoted as e, (z), extra

exponential function and find solutions of higher order differential equations.

Definition 6.2.1. For each positive integer n and for x € (—o00,0), the partial
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exponential function denoted as e, (x) is defined as

n 2n 3n e

enr) =1+ 5+ COIRRE +-~-+oo:;(Tn)! (6.1)

when n < 2, (6.1) becomes partial exponential function.

Theorem 6.2.2. The partial exponential function e, (x) is a solution of the (n—1)"

order linear nonhomogeneous differential equation

dn—l dn—2
a1 ") g

u(x) + -+ %u(az‘) +u(x) = e”

Proof: From the equation (6.1), we have

@=1+D 4 T LT
en(x) = — s+ 00.
n!  (2n)! * (3n)!
Differentiating with respect to x, we get
d xn—l x2n—1 $3n—1

e

pC e s R e s e s

d2 xn—Q x2n—2 x3n—2
e Rl sy T s R e s TR
and in general, we find
dr ( ) ik N x?n—r N x3n—r N
_en ) = PR o0
dx" (n—r)! " 2n—r)!  (Bn-—r1)!

Adding above equation for r =0,1,2,3,--- ,n — 1, we get

n—1 dT
>

. en(x) = €, which yields the proof by taking u(z) = e,(x).
r=0 x"

The definition (6.2.1)) can be extended to v > 0.
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Definition 6.2.3. Let v > 0 be a any real number and x € R. Then, the extra
exponential function denoted as e,(x) is defined as

v 2v

e”(x):1+r(y+1)+r(2u+1)+"'+°°:§m 6.2)

TV

when v takes the value 0 < v < 1, v =1 (6.2)) becomes extra exponential, exponential

and partial exponential functions respectively.

Remark 6.2.4. Taking k =0 in (5.4)) and then taking { =1

R RS R PR T

r=0 r=0

A:;u(ﬁ)

Definition 6.2.5. [{2] Let { > 0, v € (—00,00) and I'(5+1) be the gamma function.

Then, the € - factorial polynomial in Kk for real index v is defined by

W =t (1;% u Py), RJOEL (/04 1—0) € =N(0) = {0,~1,-2,---}. (6.4)

Special Cases: We give some special case by taking ¢ = +1.

(1) when { = —1, /1(_"1):/s(/£+1)(/<;+2)---(/§+n—1): ﬁ(/ﬁ—l—?"—l),?%éZ*.

r=1

(11) when (=1, £ = k(k—1)(k—=2)---(k—n+1) = [[(k—r+1) = ™ n € ZF.

r=1
Theorem 6.2.6. The relation between extra exponential and exponential for v = 0.5

15 given by

113’0’5

0.5I'0.5

L (22)"
AZ G b=
355

+e”. (6.5)

60.5($) =
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Proof: From the definition of extra exponential function for v = 0.5, we have

0.5 .CEI .T1'5 $2 $2.5

12 T r
cs®) =1+ 5=t st T Tas

foo, 23>0

2 0.5 1.5 2.5

x x Xz X X
T AT T
Tt T T T 0505 T (15)(05)T05 T (25)(1L5)(05)T05 | C
205 T x x? 3
= 1 .
0505 | (15)0 | 25)® (35D ] e
295 [z 2? z3
“ost05 | Tz TIm ot 1 et
z95 _1 N 2z N (2z)? N (3z)? N e
= P (&
05005 | 31 ' 35 @ 357
205 [ 2z (2z)?  (3z)3
= 1+ + + 4o | e
05005 | 30 33 50

By applying A~ ju(k) = u(k) + u(k + ) + u(k + 20) + -+ for £ =1, we get

A u(k) = u(k) +u(k + 1) +u(k +2) + - (6.6)

Now, the proof follows by taking u(k) = % m and then putting kK = 0.
1 K

-1

Corollary 6.2.7. For x > 0, the difference of extra exponential and exponential for
v = 0.5 is given by

% leos(z) — er(2)] = A igﬁ |w=0 (6.7)

-1
-2

Proof: The proof follows from (6.5)).

2 K
Corollary 6.2.8. By taking =1, we have I'1.5 (eg5(1) —e) = A3 ( ?:)) |k=o0-
3%
Theorem 6.2.9. If m € N, we have
m—1 et
e1(x) — en(z) = Ajn(/{ ) k=0 - (6.8)
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Proof: From the definition of exponential function, we have
r 2 3 g

erz) =14+ 5+ gp+ gyt too

Rearranging the terms into four groups, we get

IL’4 1’8 113'12 1'5 1'9

6()—1+Z+§+E+ +OO+1|+§+a+ -+ 00
1'2 $6 xlo 3:3 .T? :Ull
+§+§+1—0|+ +OO+§+7+E+ -+ 00

which is same as
1'4 1‘8 5 .Z'4 I8
ele) =esl@) + 4 [ 0345 T234. ..91 T3 [ +3156 T 34510
2 8
1
T { T 1567 T 156789101 }

By applying the formula for Afl, we get

61(5C):€4( ) IA 1 ‘/{ 0—|— A 1 ‘K 0—|— A_l |/~t 0
2<_ 2 3‘_ AT
and which is same as
3. . " 3 it
e1(z) —eys(z) = AT | = AT |
) = eale) = B o T R S

Continuing this process, we get by replacing 4 by m € N.

Theorem 6.2.10. If vm = 1,m € N, then we have

m—1 2(025)r K

-1

I'(1+ (0. 25))A*1 (14 vr)s, =0 - (6.9)

61/ - 61

r=1

Proof: From the definition of extra exponential function, by putting v = 0.25,

LL’O'25 SUO'5 $0'75 LL’l

:1
Conlt) =1 s T Y o5 1 T Tom Tl T

By rearranging the terms, we find

x0.25 $1'25 1.2425 ‘,1:0‘5 $1'5 x2.5
025) = 5195 T35 TTes T T s Tras Trgs T
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330.75 x1.75 x2.75 .TO 331 5C2
R TR Rz VI OIS v S

330'25 T x? 0.5 T .TQ
— 1 1

T125 | (125)  (1.25)(2.25) ] " T15 { T T uses ] *
$0.75 ZL'2 ZL’O T ZL'2 :L,3

1 . had .

T1.75 [ T T amen) ] T { "o T oe T T }

By applying Azl u(k) on each group, we get

0.25 K 0.5 K 0.75 K
co25(1) = 51.25A_i(1;5>(1) =0 +Ifl.5A‘i(1.m5)(jl) =0 Jrlinl.75 _i(l.;)(_"vl) =0
0 K
+ %Aj(lx)(fl) | =0
which can be arranged as
Cos — 1 (x> _ i $(0-25)T . " |H:0‘

A~
ST 4+7(0.25) "1 (1 4 0.250) ™)
In general, it is easy to obtain , if ym =1 by applying the above method.

Corollary 6.2.11. The relation between eg35(x*) and e1(x?) is given by

K
r o, X

cos(z”) = ex(a?) + TL5™7%(1.5)

=l (6.10)

-1
Proof: Now, the proof follows by applying the formula A;l u(k), in the following

derivations:

2\0.5 2\1 2\1.5 2\2
I o I o e
cos(t) =1+ ettt sty

€T .172 ZL’S ZE4

-1 - T
+F1.5+F2+F2.5+F3+

—1+‘”2+($2)2+(x2)3+ I +x3+x5+

N 1! 21 3! rt.5 125 T35
3

261(I2>+ ’ + °

05705 ' (1.5)(05)005
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x x3 xd

=l S T aEras) T aaEsris)

:Mﬂ+%1+ﬁ+ummﬁuw%mm+”

K

Lt 1 T oo,
I'L5 " (15)% ™

-1

eos(x?) = e (x?)

Lemma 6.2.12. The relation between e (iz) and ex(ix) is

e1(iz) — eg(iz) + isinx = 0. (6.11)
oy (iz)?  (ix)*  (ix)"
Proof: es(ix) =1+ TRRTRR Gl
18 same as
, T A
ez(zx)zl—g—i—z—ajt---zcosx (6.12)

iz)3 (iz)*

er(iz) =1+ & 4 G074 (o (ot

can be expressed as e (ix) = eg(ix) + i [% — é—? + gg—? + - } Thus,
. : N .
el(zx)—eg(zx):z[ﬂ—§+§+-~~] = —isinz (6.13)

which completes the proof.

Corollary 6.2.13. The identity relating es(iz) and eg(iz) is given by

—3[d o L 2t(=1)3
; @63(2%) + Z@G(Z$)1 = AiGT’? |,€:0 . (614)
oy, () (i)® | (i)’
Proof: es(ix) =1+ i + Gl ol + -
ZZL’S 136 x9 12
R TR TR TR T I
- 1 1'6 N $12 1?18 N $24 N ) 1.3 ZL‘Q $15 3721
BT DTRE TR YT Y13 o T s 2
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d 33'5 .ZCH $17 .]32 1'8 x14
= ey(iz) = {0——+———+---} —[———+—+---}

dz 511 17 ol 81 14l
d2 ( ) 1'4 xlO N le N . [L’l 177 N x13 N
—ealixr) = e — - PN — | — - — _ . e
a2’ 41 10! " 16! 173l
d3 ' x3 $9 1‘15 . xﬁ 1712
et =~ {—a‘aﬂ—a*'“} - [“a*a*m}
.1:3 I’G $15
— —decliz) — — |1 —
ieo(ix) 3!{ 156789 45678 }

o 3 a(—1)2
= —ieg(ix) — yA_ég |l k=0,

which yields

-3[d o L at(—=1)2
- ﬁ@g(l.f) + zeﬁ(zx)} = Aéi—ﬁl)) | k=0,
and the proof is complete.
R R A 2 2t
Theorem 6.2.14. Let si(x) = ﬁ‘f‘a‘i_a_’_"‘ and ¢1(x) = 1—|—§+Z+---.
Then ex(x) = c1(z) + s1(x) and ey (x) = 51(2), “zer(x) = oy (z) = ea(x)
en e1(x) = c1(x) + s1(x) and —c1(x) = s1(x), =—=c1(x) = —c1(x) = e1(x).
1 1 1 e 1T), 256 e 1
Proof: From the definition of differentiation, we arrive at
d .
——a(z) = lim ez +h) — ()] /b
e (x+h)?* (x+h)?* (x+h)° I A
’ﬂ%%+ o Ta e T Mt ata g/t
_ 1 2xh N h? N 423h N 62°h Ih
Taso |20 T2 Tar e |0

which yields
d x x> b d? x? ozt

501(I)=E+§+a+--- and@Q(I):l—l—Esz—l—u',

and the proof is complete .
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Theorem 6.2.15. ey(z) is a solution of the differential equation g—z + % =e(x).
Proof: 62(33):1+§—T+Z—?+2—T+"‘
%eg(x):ij—!lez—j—l-z—jﬂL-”:Sl(ﬂf) (6.15)
dd—;eg(l’):].‘l";—?‘f‘i_?"‘%i‘f"”zcl(x) (6.16)

Now, the proof follows from (6.15)) and (6.16)).

6.3 Extorial Function in Difference Equation

In this section, we define Extorial function and find the inverse of generalized
delta difference on it. Also we arrive at solutions of certain type of higher order

difference equation

Definition 6.3.1. [23] For —1 < { < 1,{ # 0 and k,v € R, the (-extorial function,

denoted as e, (ky), is defined as

Rézx) HEQV) Kéﬁ‘w)

I'(lv+1) - I'(2v+1) * I'Bv+1)

e (ke) =1+ + -+ 00. (6.17)

If 0 € (—00,00),0 # 0 and k is a multiple of ¢ and v € N, then (6.17)) is defined,

and which case all except finite terms of e,(ky) are zero.

Theorem 6.3.2. If 1 — (1+/¢)~' > 0,5 € N, then we have

Arer((ir)e)) = [1— (1 4+ 0)7 " er(tir),. (6.18)
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Proof: Using Binomial theorem, we have 61((65)?)) = (1+0)".
Taking Ay on both sides, we get

Aper((r)) = (1408 — (14051 = 1+ 01— (1+07Y).
which yields A;l(el(ﬁm)y)) -0+ el(ﬁﬁ)gl)

Again taking A" on both sides, we get

A (erlln))”) = L= L+ 07 en(m)y”,

A e () = [1 = (1 4+ 07 P er (tm)

The equation (6.18)) follows by continuing the above process and replacing ¢ by {;.

Example 6.3.3. By replacing k by m, we get

Az_”el(nﬁl)) =[1-1+01" eliél), /| <1and % €N, and

AA+0T=[1-1+0" " (140
Theorem 6.3.4. Forv >0, |% < 1], we have

K 1 K
A1+ 0)r =1+ Z)V(l +0)e.

Proof: Applying Ay on u(k) = (1+£)7, we get

Agu(r) = (14 0% — (1+ 0T which yields

1+07 —1+0)i(1+0)t=0+0)7 {1 - 1%%} =(1+0)7

AJA+0T =1+ 0T 1+ =(1+1) (1+0)F and

14
(1+9¢)

Similarly, AJ?(1+0)7 = (1+ %)2 (1+0)7.
In general, A;™(1+0)7 = (1+1)™(1+0)7.

Now the proof follows by replacing m by v.

(6.19)
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Theorem 6.3.5. es(ky) is a solution of the difference equation

1 .
(k) + TAulr) = (14 7.3
KEZ) /féél) K)é6)
or T e

eN,0H#0,]¢ < 1.

Proof: ex(ke) =1+ + -

Taking Ay on both sides, we get

élﬁ(l) gﬁ(?’)
v 4 14

Ae@(@) = 1 31

Simalarly

(1) (3)
1 Ky Ky
ZA@@Q(K@) = T + ? + -

Adding (6.20) and (6.21)), we get ea(re) + ZAeez(fw) = e(re) = (L+0)7.

Now the proof follows by taking u(k) = ea(ky).

Theorem 6.3.6. e,(k¢) is a solution to the difference equation

MH

1
g_A u(k) = e1(ke)-

I
o

T

Proof: From Apu(k) = u(k + ) —u(k) and Amg = nﬂﬁ(T Y we find
R

_ i Ko ‘
n(tie) =1+ n! * (2n)! * (3n)! T

and hence,

s 2 S
L) (ngn__?), (;7%2’:_11)>! e
E%A?en(m) (Zl(fi l))' (;izill))!+..
e e = /(@1%)' (Zg:))' !

(6.20)

(6.21)

(6.22)
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Adding the above identities, we get

1 1 .
en(ke) + ZAgen(/{g) I FA?_len(/{g) = e1(ke). Finally we get (6.22)).

Corollary 6.3.7. If x is integer multiples of ¢, then e,(k¢) is a solution to the

{—difference equation

n—1
1 K
ZK—TAQU(K) =(1+0)7. (6.23)
r=0
n—1
Corollary 6.3.8. The differential equation > D"u(k) = €" has a solution
r=0
K" /i2n
— 1 - -
en(K) + . + o] +

Proof: As{ — 0, in (6.23) we get the proof.

Using these functions, we can obtain many results and application in number

theory and in calculus.



Chapter 7

2D-Fibonacci Summation with

Extorial Functions

7.1 Introduction

In this chapter, second order Fibonacci summation formula of product
of polynomial and extorial functions are obtained by two dimensional second order
Fibonacci nabla difference operator, its inverse and the two dimensional second order
Fibonacci numbers. The function obtained by replacing polynomial into factorial
polynomial in the expansion of exponential function is called extorial function. We
have mentioned properties of extorial function in the chapter. Here we apply extorial

function to two dimensional difference equation.

103
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7.2 2D Nabla Difference Operator

In this section, the definition of 2D Nabla difference operator is defined

as follows.

Definition 7.2.1. Let u be real valued function a = (ai,a2) and { = (¢1,03) and

(K1, ko) € R? The Nabla (— difference operator V) on u(k1, ko) is defined as
(a)t

(V)gv(/ﬁ, Ko) = v(K1, o) — a1v(Ky + {1, ko + l) — agu(ky + 201, ko + 203).  (7.1)

and its inverse is given by

-1

V v(k1, k2) = u(k1, Ko) = v(K1, K2) =

u(k1, ko) + ¢, (7.2)
(a)¢ (a)t

where ¢ 1s an arbitrary constant.

Remark:1 For our convenient, we denote E(isl) = e((islq)se,)e((isl2)se,),

B(isn) = el(isrn)seye(ism2)usy) and Blin) = e((im ), Je((im)e,)
Example 7.2.2. Let 1 — ilaje((jél)gl)e((jfg)@) # 0. By and (7.2), we have
V E(k) = E(k) —a1E(k+{) — ayE(k + 20). (7.3)

= E(r)[1 — a1 E({) — aze(2(41)e, )e(2(L2)s,)],

which yields
I _ E(k)

1= S a0 ((it)1)

+c. (7.4)
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7.3 2D Fibonacci Summation Formula

Here, two dimensional summation formula is obtained by equating closed

form and summation form solutions of 2D difference equation.

Theorem 7.3.1. Let F, denotes the n'™ term of the two parameter Fibonacci

sequence giwen in (6.1) and v(ky, k2) be a solution of the equation ¥V v(ki, k) =
(a)e

u(ki, K2), (K1, k2) € R?, then we have

U(Iil, Iig) — (FnFn—l + aan_1>U<I€1 + (n + 1)61, Ko + (n + 1)62)

- aanv(/ﬁ + (TL + 2)61, Ko + (Tl + 2)62) = Z Eu</€1 -+ Z[l, Ko + 262) (75)

i=0
Proof. From ([7.1) and (7.2)), we get

U(/‘il, KJQ) = U(Kll, /12) -+ alv(m -+ 61, Ko + €2> -+ CLQ'U(HJl + 261, Ko + 262) (76)

Replacing k1 by k1401, ko by Ko+ and then substituting the value v(k; 41, ka+05)
in ([7.6), we obtain

v(k1, Ka) = u(k1, K2) + aru(ky + 01, ko + lo) + (a2 + ao)v(ky + 201, Ko + 205)
+ CL1(L2’U</€1 -+ 361, Ko + 362) (77)

Replacing k1 by k1 + 201, ke by kg + 205 and then substituting the value

V(K1 + 201, Ko + 205) in (7.7)), we obtain

v(K1, ko) = u(Ki, ko) + aru(ky + b, Ko + o) + (a2 + az)u(ky + 201, ko + 205)



7. 2D-Fibonacci Summation with Extorial Functions 106

+ ((af + a2)a1 —|—CL16L2)U(I£1 + 361, Ko + 362) + (CL% —|—CL2>CL2U(111 —|—4£1, Ko +4£2),

which can be expressed as

U(Hl, /ﬁ?g) = Fou(lil, Hg) + Flu(/il + gl, Ko + 62) + FQU(/@l + 261, Ko + 262)
+ (FoFy + Frasg)v(ky + 301, ke + 30s) + Fhasv(ky + 41, ko + 405)

Repeating this process again and again and by induction, we arrive ([7.5]). O

2
Corollary 7.3.2. If >~ aje((jl1)e,)e((§02)e,) # 1, then we have
=1

J

E(k) — [FoaFy + Fuqasle((k1 + (n+ 1)) )e((ka + (0 + 1)2)s,)
1 - ;aje((ﬂl)el)e((j&)zg)

_Fnage((/ﬁg + (n+ 2)0a)g,)e((ka + (n 4+ 1)ls)4,)
1 - ;aje((j&)el)e((jfz)éz)

n

= > Fel(k1 + i) el(kz + if2)e,). (7.8)

1=0

Proof. Taking u(k1, k) = E(k), and applying (7.4), V v(k1, ko) = u(k1, ka),
(a)t

v(K1, Kg) = (av;u(/-@l, ko) = g E(x) .
1- ; a;e((50)n)e((j2)e,)

Substituting v(k1, ko) and U(/‘il,—/{lg) in gives (7.8).

The following example is a numerical verification for ([7.§]). m
Example 7.3.3. Taking k1 = 4,k = 5,n = 2,a; = 2,a9 = 2,01 = ly = 1 in
,and using Fo =1, F1 = 2, F5 = 6,we find

e(41)e(51) — 16e(71)e(81) — 12e(81)e(91) 2 ; o i
1—2e(11)e(11) — e(21)e(21) = ;F ((4+0)1)e((5+ 1))
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Applying the extorial values, we arrive
(16)(32) — 12(128)(256) — 5(256)(512)
-39
= F06(41)€(51) + F1€(51)6(61) + F2€(61)€(71) = 53760.

2
Theorem 7.3.4. Let Y a;E(jsl) # 1. Then an exact solution of the 2D difference
j=1

equation YV v(k1,ke) = K" ks 2 E(sk) is obtained as
(a:0)

mi1 m2

- K"Ky 2 E(sK) -1
mi sz — 1 2 + bz mi—1t, M2 jE
(Xe Ky Ky 2 E(skK) 1 — a E(sl) — ax E(2s0) ; J;O J (XZ Ky~ Ko (sk)
(7.9)
(B 2127 ay B (2
where by — ity (a1 E(sl) + 2'27ay E(2s0))
1 —a1E(sl) — asE(2s0)
Proof. We give proof by induction method. Consider the case m; = 1,my =0
0
, K1koFE(skK) _
B k = 1
y taking v(k) = B(s0) — axB(250) in (7.1)), we get
-1 k1kE (sk) l1(a1E(sl) + 2a,E(2s())
B(sk) = 7.10
S B = e B Es0) T (L — e B(s0) — ;B st )
Consider the case m; = 0, my = 1.
K ko FE(sK)
Taki = . in (7)) gi
aking v(k) 1= 0 B(s0) — ayB(250) in ([7.1)) gives
-1 K\ ko E(skK) ly(ar E(sl) + 2a5FE(2s0))
E = : 7.11
S B sK) = e o E e T 0 — m Bl —aB@s)E
_ K1koE(SK) .
When m; = my = 1, by taking v(k) = in ([7.1)), we get

1 —a1E(sl) — ayE(2s)

K1koE(sK) K1koE(SK)

(Xe 1 —a1E(sl) — ay E(2s0) T 1- a1 E(sl) — as E(2s0)
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Cai(m O (ke + B)E(s(k+ () ag(ki +26) (ke + 26)E(s(k + £))
1 — a1 E(sl) — ayE(2sf) 1 — a1 E(sl) — ayFE(2sf)

kiloE(sk) (a1 E(sl) + 2a2E(2s())
1 —a1E(sl) — asE(2s0)

kol1E(sk)(a1E(sl) + 2a2E(2s)) (10 E(sk) (a1 E(sl) + 4as E(2s())
1 —a1E(sl) — ayE(2s¢) a 1 —a1E(sl) — ayE(2s¢)

= K1k E(skK) —

—1
Applying ¥ on both sides, gives
(a)e

-1 K1koF(sK)
E =
(Xz FarzB(sk) 1 —a1E(sl) — ay E(2s0)

(k1ly + Kol1)E(sk) (a1 E(sl) + 2a2 E(2s0)) 20105 E(sk) (a1 E(s) + 2a,E(2s())?
(1 — a1 E(sl) — ayE(2s())? (1 — a1 E(sl) — axE(2s())3

Ul E(sk) (a1 E(sl) + day E(2s())
(1 —a1E(sl) — ayE(2s¢))?

(7.12)

_ K2k E(sK) ,
When m; = 2,my = 0, by taking v(k) = T E(sl) — ;B (250) in ([7.1]), we get

K2KE(sK) K2k E(sK)
v =
@el—a1E(sl) —asE(2sl) 1 —a1E(sl) — ayE(2s()

a1 (k1 + 01)% (ko + 02)°e((sk1 + 1) se, Je((ska + €2)s,)
1 —a1E(sl) — ayE(2s0)
ag(l‘fl + 251)2(/{,2 + 252)06((‘9/{1 + €1)5g1)€<<8l{2 + gg)sgz)
1 —a1E(sl) —ayE(2s0)

2r1 0 E(sk) (a1 E(sl) + 2a9E(2s())
a 1 —a1E(sl) — ayE(2s¢)

kol  E(sk) (a1 E(sl) + 2a9E(2s())
B 1 —a1E(sl) — ayE(2s0)

(AE(sk)(a1E(sl) + das E(2s())
1 —a E(sl) — ayE(2s0)

= k2E(sk)

—1
Applying ¥V on both sides, we get



7. 2D-Fibonacci Summation with Extorial Functions 109

) kIE(sk) 26101 E(sk) (a1 E(sl) + 2a9F(2s())
(V ME(R) = T B0t — B @s0) (I — w E(sl) — ayE(250))
202E(sk)(a1 E(sl) + 2a9E(2s0))?  (2E(sk)(a1E(sl) + 4ay E(2s)) (713)
(1 —ay E(sl) — ayE(2s0))3 (1 — a1 E(sl) — ayE(2s0))? '
Similarly,m; = 0,my = 2, by taking v(k) = — algl(ﬁ)EES;)E(Q B in (7.1) gives
) k3E(sk) 2k9ly E(sk) (a1 E(sl) + 2a, E(2s())
(V mB(%) = T B0t — B @s0) (1 = E(s0) — ay B (250))°
202F(sk)(a1 E(sl) 4+ 2a2E(2s())*  (2E(sk)(a1E(sl) + 4asE(2s()) (7.14)
(1 —ay E(sl) — ayE(2s0))3 (1 — a1 E(sl) — ayE(2s0))? ‘
K2koF(sK)

When my = 2,my = 1,by taking v(k) =

1), gi
1= B(s0) — B (250) ™ 1), gives

K2 ko F(sK) 2k1kol1 E(sk) (a1 E(sl) + 2a,FE(2s))
(Xg Rt B(sr) = 1 —a1E(sl) — ayE(2s¢) (1 —a1E(sl) — ay E(2s())?
4i1l1lo E(sk) (a1 E(sl) + 2a2E(2s0))?  2k203E(sk) (a1 E(sl) + 2a9F(2s())?
(=B — mBEsO)? | (1—aB(sl) — aB2sh)
6020, E(sk)(a1 E(sl) + 2a2F(250))®  kol3E(sk)(a1E(sl) 4+ 4agsE(2s())
(1 —a1E(sl) —asE(2s0))* (1 —a1E(sl) — ayE(2s0))?
Ky E(sk) (a1 E(sl) + 2a2E(2s0)) 210165 E(sk) (a1 E(sl) + 4ay E(2s())
(1 —a1E(sl) — asE(2s0))? (1 —a1E(sl) — asE(2s0))?

60205 E(sk) (a1 E(sl) + 2a9E(2s0))(ay E(s) + 4as E(2s())
" (1= a1 E(s0) — as E(250))?
(35 E(sk) (a1 E(sl) + 8ay E(2s())?
(1 — a1 E(sl) — ayE(2s0))?

(7.15)

k1k3E(sk
Similarly,m; = 1, mq = 2, by taking v(k) = T alEl(sé) _( ag)E(Q 7 in (7.1]), we get
-1 k1k3E(sk) 2k1kola E(sk) (a1 E(sl) + 2a2E(2s))
E
(Xe rary E(sr) = 1 —a1E(sl) — ayE(2s0) (1 —a1E(sl) — asE(2s())?

4koli o B (sk) (a1 E(sl) + 2a2 E(2s0))?  2k103E(sk) (a1 E(sl) + 2aoE(2s())?
(1 —a1E(sl) — ayE(2s))3 (1 —a1E(sl) — ayE(2s0))3

60, 03E (sk)(a1 E(sl) + 2a2FE(2s0))?  k1l3E(sk)(a1E(sl) + 4asE(2s())
(1 —a1E(sl) — asE(2s0))* (1 —a1E(sl) — ayE(2s0))?




7. 2D-Fibonacci Summation with Extorial Functions 110

60205 E(sk) (a1 E(sl) + 2a9E(2s0)) (a1 E(s) + 4as E(2s())
- (1= a1 E(s0) — a2 E(250))?

k30 E(sk) (a1 E(sl) + 2a3E(2sl))  2kal105E(sk) (a1 E(sl) + 4ay E(2s())
(1 —a1E(sl) —asE(2s0))? (1 —a1E(sl) — asE(2s¢))?

60103E (sk) (a1 E(sl) + 2a9E(2s0)) (a1 E(s) + 4as E(2s())
* (1= a1 E(s0) — ayE(250))?

(2B (sk) (a1 E(st) + 8ay E(2s())
(1 —a1E(sl) — asE(2s0))?

(7.16)

:E
When my = 2,my = 2, by taking v(k) = - algl(/;;) ESSQ)E(Q 3 in (7.1)), we get

K2R3 E(skK) KIKk3E (sk)
v -
(el —a1E(sl) —asE(2sl) 1 —a1E(sl) — ayE(2s()

ar(k1 +01)% (ko + 6)2E(s(k +£))  as(ky + 201)* (ko + 202)*E(s(k + {))
a 1 —a1E(sl) — as E(2s0) a 1 —a1E(sl) — ayE(2s0)

—1
Applying ¥ on both sides, we get
(a)e

_ Ko 2 E(SK) .
I 1, by tak = 2 7.1
n general, by taking v(k) = E(sl) — aB(250) in ([7.1])
Ko 2 E(sK) B K1 kg2 E(sk)

(Xe 1 —a1E(sl) —asE(2s0) 1 —a1E(sl) — ayE(2s)

Car(kr A+ 0)™ (ke + )™ E(s(k + 1)) ag(kn + 26)™ (kg + 26)™ E(s(k + ()

1 —a1E(sl) — ayE(2s0) 1 —a1E(sl) —ayFE(2s0)
. a Zl macp, kY 22 MaCr, kg2 2l E(sk)
B ko2 E(sK) = ro=1
1 —aE(sl) — ayE(2s) 1 —a1E(sl) — ay E(2s0)

as Z macy kYTH(20)T Z Mol kg 2 2(205)? E(sK)

ri=1 ro=1

1 —a1E(sl) — ayE(2s0)

By expanding the term, we get
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K"Ky 2 E(SK)
\Y%
(el —a1E(sl) — agFE(2s()

o mi,.mso m1, . mo—1 mi, . mo—2
= booﬁl Ko~ + b(nlil Ko + boglil Ko

mi .0 m1—1 _mg 0,m2
+ -+ b0m2/€1 Kg + bl()/il Ko + -+ bmlofil/fg

By iteration ,we can find ((7.9). O

7.4 2D-Fibonacci Summation for Factorials and

Extorials

In this section, by equating clossed and summation form, we are able to

obtain two dimensional summation formula related to factorial and extorial function.

-1
Theorem 7.4.1. If v(k) = V k" ky?E(sk) is an exact solution of (7.9)), then
(a)t

—1
(V)z K1k 2 E(sk) — (B F1 + asFy, 1) (V)@(/@l + (n+1)¢)™

(ke + (n+ 1)la)™e((s(k1 + (n 4+ 1))se,)e((s(ke + (n+1))se,)

—az (av;(m +(n2)0)™ (ke + (n42)6) ™ e((s(k1 + (142)) sty Je((s(Ra+ (n+2)) st )

— Z Fi(k1 4 i01)™ (kg + ily)™e(s(k1 + il1)se,)e(s(ka + il2)se, ). (7.17)
=0
Proof. Taking u(k1,ka) = k| ky 2 F(sk) in Theorem [7.3.1} we get ((7.17)). O

Example 7.4.2. The following is an example for verification of (7.17). If k1 =4,

Ko =2, n=2me =0 and my,ay,as,l1,ls are 1, the (7.17)) becomes

-1 -1 -1
V 4de(41)e(21) —3 V Te(T1)e(51) —2 V 8e(81)e(61)
(1,1) (1,1) (1,1)
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= i Fi(4+i)e((4+1))e((2+1);) = 13824.

i=0
Theorem 7.4.3. Let u(k1, ko) and v(kq, ko) be the real valued function. Then,

-1 —1
(Vz) [u (K1, Ka) v (K1, ka)] = u (K1, K2) (VZ) v (K1, K2)

1 [ -1
—a1 V [V v (K1 + 0, kg +la) ¥ U(/ﬁ,/iz)}
(a:f) | (a:£) (1,0:6)

-1 -1
— a9 V |: V v (lil + 2€1, K9 + 262) v Uu (lil, KJQ):| . (718)
(a:f) [(a:0) (0,1:0)

Proof. Taking v (k1, k2) = u (K1, k2) w (K1, k2) in (7.1)), we get

(Z) [u (K1, k2) w (K1, K2)] = u (K1, K2) w (K1, ko)

—aru (K1 + 01, ke + lo) w (K1 + {1, Ko + ls)
— agu (K1 + 201, Ko + 203) w (K1 + 201, ko + 205)

Adding and Subtracting aju (k1, k2) w (k1 + €1, ko + £2) and

agu (K1, ko) w (k1 + 201, ko + 209) yields
V [w(k1, ko)w(ki, K2)] = u(k1, k2) V w(ki, k2) + arw(kr + 1, k2 +02) V' u(ky, ko)

(a:f) (a:0) (1,0:0)

+ asw (k1 + 201, ko + 202) ( Vé) u(k1, K2)
0,1:

-1
taking w(k1,k2) = V
al

—1
v(k1, ko) and applying V on both sides, we get ([7.18]). O
(a:t) (a:6)

Remark:2 For similarity, we denote E(if) = e((il1)e,)e((if2)s,) and

E(ir) = e((ir1)e, Je((ir2)e,)
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Corollary 7.4.4. Let u(ky, k2) and v(k1, ko) be the real valued functions. Then,

-1 —1
(Ve) (K, ko) E(K) = u(ky, K2) (Ve) E(k)

1 [ -1
—a; V LVZ)E(/{—FE) v u(m,@)}

(a:f) (1,0:0)
-1 [ =1
—ay V {V Ek+20) v u(/ﬁ,%z)} . (7.19)
(a:f) |(a:0) (0,1:4)
Proof. Taking v(k1,k2) = E(k) in ([7.18]), yields(7.19)) O

Corollary 7.4.5. An ezact solution of the 2D second order diffference equation
V v(k1, ko) = K2K2E(kK) is given by
a(e)

—1
62 2E + g
K13 E(r) ml v B

TT— B0 — B0 T 1= aB () — asE(20)

-1
V Kik3E (k)
(a:f)

-1 —1 —1
2010y V KikaE(k+0)  a1l? V K3E(k+ () a 33 v E(k+ /)
(a:0) (a:f) (a:f)

T aE(0) —mER) T 1—wE(l) —wER) 1= waE(l) — aE20)

-1 -1 -1
20205a, (VZ) koE(k +0)  2a1l; (VZ) KiksE(k+10) 201030 V) k1E(k + ()

(a:t
T 0Bl —mERD) | 1—wE(l) —wERl) | 1-aEl) —ab20)

—1 1 1
Mrilaay V kek1E(k+0)  4aold V KIE(k+20)  dasly V KikoFE(k + 20)
(a:£) ( (a:0)

I X a:f) X
1-— alE(E) — CLQE(?E) 1-— alE(ﬁ) — CLQE(QE) 1-— CL1E(€) — CLQE(2€)

-1 -1 -1
danl? V KIE(k+20)  16a20303 V E(k+20) 1603(yay V koE(k + 20)
(a:f) (a:f) (a:0)

T GE(l) —mBE2)  1—wBE(l) —mE2) T 1—aE(l) —wEQ2)

-1 -1 -1
dasly V kiksE(k +20) 160103ay V k1 E(k+20) 16010sas V Kok E(k + 20)
(a:f) (a:0) (a:f)

T GE0) —mEQR) | A—wmE(l) =B 1= aE(l) — mE(20)

(7.20)

Proof. Taking u(k1, k2) = r1k9 in (7.19) and using (7.4), we find
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SE (k) a1 E(k + ()
0F () — Riks 101
% M ER) = T B — B0 T (1= e E(0) — ayE 207
2£1G2E(/€ + 26)
T A B0 — B (7.21)
Similarly, we can find
kKo B (k) lray E(k + 0)
E 1
(Z) R B = e — B T 0= wmE(0) — 0B 20))?
QEQGQE(KJ + 25)
* (1—aE(l) —asE(20))% (7.22)
Taking u(k1, ko) = K1ke in (7.19) and using , we get
Iip‘igE(/ﬁ) aq (/i1€2 + Hgfl + £1£2)E<l€ + E)
E
(y@ e E(R) = T — aaB @) (1= mE(0) — apE(20))?
2a%€1€2E(r<; + 2£> 8a1a2€1€2E(H + 36)
(1—aE({l) —aE(20)) (1 —a1E(() —asFE(20))3
2&2(/‘%162 + /‘iggl + 2€1€2)E(/€ + 26) 8&%6162E(/€ + 46)
(7.23)
(1 — alE(é) — GQE(QK))z (]. — alE(f) — agE(Qf))?)
Taking u(ky, k) = k2k9 in (7.19) and using , We arrive
V 2 ROE (1) K2KSE (k) 2k1a16,E(k+ 1)
(a:6) l—aE(l) —axE(20) (1 —a1E() —ayE(20))?
N 20202 E(k + 20) 8ayax 3 E(k + 30)
(]_ — a1E<€) — CLQE(QE))E} (]_ — alE(é) — (lgE(Qé))g
N a 2E(k + ) dkiarlyas B (K + 20)
(1—aE(f) —asE(20))2 (1 —a1E(l) — ayE(20))?
8a3l?E(k + 4¢) daslZe( (k1 + 201)e, )e((Ka + 202),,)
+ (7.24)
(1—aE(f) —ayE(20))? (1—aE(l) —ayE(20))?

Taking u(ky, k2) = kVk3 in (7.19) and using (7.4]), we obtain

k{3 E(K) 2raa1 0o E(k + ()
y@) 2 B(k) = 1~ W E(0) — aB20) T (1— aEB(0) — aB(20))?
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20203E (k + 20) 8ayazl3E (K + 3()
(1 —a1E(l) —axE(20))> (1 —a1E(l) —ayE(20))3
arl3E(k + () dknaglaas E (K + 20)
(=B —mECHE " (= aEl) — aB@0)
8asl3E(k + 4f) daslze((ky + 201)e, )e((Ka + 202),)
T AZ @ B(0) — B0 (= 0B~ B0 (7.25)

Taking u(ky, k) = K2ko in (7.19) and using (7.4]), we get

o .2 Kiko E(k)
FE =
(Yz) riraE(r) 1 —a1E(l) — ayE(20)

4 al[I{%EQ —+ K/QE% + E%EQ + 261%11{2 + 2K1€1€Q]E(l{ + 4)
(1 — CLlE(€> — GQE(2€)>2
2a%€1 [2/1162 + ligfl + 3€1€2]E(/€ + 2£)
(1— wE(l) — anB(20))?

+2(12[l€%£2 + 2%26% + 4€%€2 + 261%1:‘12 + 4K1€1€Q]E(Fd + 2£>
(1 — a E(0) — asE(20))?

GCL%E%egE(Ii + 35) 4@1@261 [2/%261 + 4/1162 + 9€1£2]E</€ + 36)
(1— wE(0) — asE(20))? (1— wE(0) — azE(20))?
36@%&28%@2E</€ + 46) 8&%@1 [2/‘6162 + 5281 + 6€1€Q]E(/i + 42)
(1 — @ E(f) — asE(20))? (1 — @ E(l) — asE(20))?

72@%@16%626(0{1 + 561)[1)6«%2 + 562)[2) 4 48@3@%626((1%1 + 661)5&6((%2 + 652)42)
(1 —a1E(0) — ayE(20))4 (1 —a1E(f) — axE(20))*

(7.26)

Taking u(ky, k2) = k15 in (7.19) and using (7.4)), we derive

< 2 kK5 B (k)
E p—
) = e T B @D

+a1 [/Q%gl + /’ilgg + 6163 -+ 262/@1%2 + 2K2€1€2]E(/€ + g)
(1 - mE(0) — a2 E(20))?

2&%442 [2/{251 + /‘ngg + 3£1€Q]E(/€ + 26)
(1 — a1 E(0) — aa B(20))3
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+2a2 [:‘i%gl -+ 25163 + 4616% -+ 262/‘%1/’62 + 4K2€1€Q]E(/ﬁ} + 26)
(1— wE(0) — asB(20))?

6a1€1€2 (/‘i + BE) 4&1@262[2/{162 + 4/@261 + 9€1£Q]E</€ + 36)
(1— a E(0) — a2E(20)) (1— aE(0) — asE(20))3

36a%a2€1€§E(Kz + 46) 8&%@2 [2/4,2£1 + /13162 + 6€1£Q]E(/€ + 46)
(1— wE(0) — aB(20))* (1— wE(0) — aB(20))?

T2a1a3010%e((k1 + 501)e, )e((ka + 5la)e,)  48adlil3e((k1 + 6€1)e, )e((ka + 6€2)e,)
(1 —a1E(0) — asB(20))* (1 —a E(l) — agE(20))4

(7.27)

By taking u(k1, k2) = k2k3 in (7.19) and using , we get (7.20)).

[]

Corollary 7.4.6. If v(ky, k2) = V K2Kk2E(K) is an exact solution given by ([7.20)),
(a:0)

then the 2D-Fibonacci summation formula for k3k3E(k) is

i;FXm%—MPe«ﬁ4—M)) (§%ﬁ¢hE()
—(FnFyitagk, ) _Vl (F1+(n+1)) (ot (n+1))%e((k1+(n41) 1) Je((mo+(n41)la)s, )

(a)

—afy, ¥ (ot (142) (o (12) Pe((m1-+(12) )0 el (o (04 2))s). (729

Proof. By taking u(k1, ko) = k3Kk2E(k) in Theorem we get (7.28) O
Example 7.4.7. Let kK1 = ky =a1 =as =01 =l =1, n =2 in (7.28)). Then

1 1
V e(11)e(1y) —3 V 4(4)%e(41)e(41) — 2 v 5(5)%e(51)e(51)

= SR04l )1+ 1)) = 3588

The concept of two dimensional difference operator and its difference equations
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are used to obtain solutions of wave equation, which is already mentioned in the

final chapter.



Chapter 8

Extorial in RL Circuits and Heat

Flows

8.1 Exact Solutions of RL Circuits

The resistor and inductor are the most fundamental linear (element having
linear relationship between voltage and current) and passive elements in electric
circuits. When resistor and inductor are connected across voltage supply, the circuit
so obtained is called as RL circuit which can be either in a series or parallel circuit
depending on the nature of connection between the resistor and inductor. The
extorial function act as exact solution of difference equation arrived for current flow

in RL circuits. Here, we obtain exact solutions for difference equation of RL circuits.

118
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8.2 Current Flows in RL Circuit

Consider a RL circuit by using the Kirchhoff’s circuit rule. The differential
equation connecting voltage V, resistance R, current I and induction L in series is

given by first order linear difference equation

V = RI(k) + L%ij). (8.1)

The discrete analogue of ({8.1)) is assumed by replacing dI(k) = AI(k), where

Al(k) =I(k+1)—I(k) and dk = 1 in (8.1)).
The corresponding difference equation for the current flows in RL series circuit in
the discrete case takes the form, at time «

v(k) = RI(k) + LAI(k). (8.2)

Due to the resistance of conductor, heat temperature may be raised in the RL
circuit. In that case, we need to modify the difference equation (8.2). In that case

the difference equation (8.2) becomes fractional difference equation as
V =RI(k)+ LA"I(k),(0 <v <1). (8.3)

Which can be expressed as

V (k) — RI(k)

7 = A"I(k)

. The corresponding discrete integral equations

e (VSR _ g
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. By applying 4" order delta sum given by (3.1,

1 ['(k—s) B O — T
LF(y)ZF(K_S_(V_l))(V(S) RI(s)) = I(k), (8.4)

s=0

The corresponding fractional difference equation for de-energizing in RL circuit is

obtained by putting v(x) = 0. In this case, we get
0= RI(k)+ LA"I(k). (8.5)

Which is the same as

RI(k)
T

I(k) = A~ (—%W) - —%A‘”I(/{)

AVI(k) = —

By applying fractional order delta integration (3.1f), we obtain

R ['(k—s)
1) =T ; T(k—s—(v—1))

I(s), (8.6)

The solution (8.4) and are summation forms. Through our research, we

identifies that these fractional difference equations have exact type solutions, when
the initial time a is taken as zero. We obtain exact solution for the equations (|8.2))

and (8.3 using our newly defined extorial functions.

8.3 Extorial Type Solution of RL Circuit

In this section, we find solution of equation (8.2) after arriving at some basic

results of extorial functions. This extorial function is easily obtained by replacing
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polynomial ™ into factorial polynomial in the expansion of exponential function
e”. This function is useful to arrive at solutions for fractional difference equation.

Formal definition and some properties of extorials are given in chapter 4.

Consider the extorial function e ((m&)(m)) is defined by

(mr)y)  (me)) 2 (mr)
e1((mk)m)) =1+ T +'“+OOZZT’ (8.7)
r=0

where (mff)y(f;) = (mk)(mk—m)--- (mk— (r—1)m) for positive integer r, is a falling

polynomial factorial. In general, for real index v, we have

(me)s) (me)i” = (me)n”
ew) (M) (m)) =1+ Tt T too= Z o (8.8)
! ! — !
r 1
where (m/{l)gg’/) = (m) (rv) F(K(—i :[i_—)/r']/) and F() is the gamima function.

Lemma 8.3.1. If e;((mk)@m)) is an extorial function, then we have

Aer (M) my) = (m)er((mk) m))- (8.9)

Proof. Applying A on the extorial function e;((m#)un)), we arrive at

Aey((m)my) = A(L )+A<m’€.>( | +A(m”!)( e
_o4 lm (n;l))&)Jr !1+%[ (k+ 1)) = (mr) | + -+ o0
= Uy [oms o+ m)me) — (m ><mm—m>} RS
—m+22—77( )”+2—T( K)o+ 00
o R ]

Aelme)m — (m)er((Mmk)m))- O
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Lemma 8.3.2. The extorial function u(k) = e1((mk)um)) is a solution of equation
<AA2 +BA+ C)u(/ﬁ;) — 0, (8.10)

if m is a root of the auxiliary equation Am? + Bm + C = 0.

Proof. If we try u(x) = e1((mk)m)) as a solution of equation(8.10)), then it should

satisfy the equation
AN?e1((mK)m)) + BAer((mk)m)) + Cer((mk)pm)) = 0. (8.11)

By linear property of A and the expansion of e ((m#)am)), we arrive at
(mn)ggz) 2m(m/<;)8r)b) 3m(m/-€)82)

Ager((mk)m)) = 0+ (m) 1! 2! 3!

i.e, Ager((MmK) o)) = m |1+

which yields

Afer((mk)my) = (m)Ager((ms)em)) = (m)*er((me)m))-
Applying the values of Ae;((mk)m)) and Afe;((mk)um) in (8.11]), we obtain

<Am2 + Bm + C) e1((mk)my) = 0,

Since e;((mk),) # 0, we get
Am?® + Bm + C = 0. (8.12)

Hence u(x) = e1((mk)(m)) is a solution of (8.10) when m is a root of (8.11]). O

Remark 8.3.3. The above lemma can be extended to higher order linear difference

equation with constant coefficients.
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Theorem 8.3.4. Let Iy be initial value of I(k) and v = 1. The de-energizing

difference equation (8.5)) for v =1 has a solution of the form

I(r) = Lye, ((‘TR )(f)) (8.13)

where e1 denotes the extorial function.

Proof. Consider the first order difference equation LAI(k) + RI(k) = 0 which
is obtained from by taking v = 1 and its Auxillary equation ML+R=0.
The auxiliary equation mL + R = 0 has an unique solution m = _T’ L # 0.
Applying Lemma for first order difference equation by taking A = 0, I(t) =

[061((’71%&)(%)), which is a solution of the equation (8.5)) for v = 1. O

Theorem 8.3.5. For v =1, the energizing difference equation (8.3 has a solution

I(H) = m + ]061 <(_TRR) _f)) y (814)

where s is a constant.

v
Proof. Let I(k) = —e®" be a solution of equation (8.3|) for » = 1, where ¢ is to be
c

determined. Since s is a constant, we get Ae™® = 5"+ — 5% = (% — 1) and

Al(k) = %Aes”“ = %es“(es —1).

Substituting v = 1, I(k) and AlI(k) in (8.3), we arrive

I(K)R + LAI(r) = R%e“ VL [%e“(es - 1)} ,

which yields
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[R+ LA]I - %[L(es — 1+ R)|e.

Hence, taking ¢ = L(e®* — 1+ R), we find a particular solution of equation ({8.3]) when

v=1, as
V
(k) = ———¢°". 1
(x) L(es =1+ R)e (8.15)
Now ({8.14)) follows by adding (8.13) and (8.15] the proof is complete. O

-V
Corollary 8.3.6. If Iy = = then the extorial solution of difference equation (8.2))

o |72 % N
of the RL circuit is (k) = 7 RY ((TRF;)(,TR))
Proof. The proof follows by taking s = 0 in (8.14]). O

Finding the solutions of integer order difference equation is comparatively easier

than the fractional order difference equation.

8.4 Extorial Energizing for RL Circuit
In this section, we derive at the solution of RL circuit model with extorial
energizing. Here, we deal with fractional order difference equation also.

Theorem 8.4.1. The flow of current in the RL circuit creates chaos due to increase

of temperature of heat. In this case, the difference equation of RL circuit becomes

Vei((sk)s) = RI(k) + LAYI(k), (0 < v < 1). (8.16)
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Equation (8.16) is v'" order fractional difference equation. When there is no choas

in RL circuit, the parameter v takes integer value.

Theorem 8.4.2. For v = 1, the difference equation (8.16)) has a extorial solution

I(k) = % + [061< (_TRK:)(LR) ) (8.17)

Proof. Let I(k) = %el((sm)s) be a solution of equation (8.16) (v = 1), where ¢ is
to be determined. Since s is a constant, from (8.17)), we get
Aei((sk)s) = er((s(k+1))s) — e1((sk)s) which gives
V V
Al(k) = —Aer((sk)s) = —erl(sr) o) (e1((D)) = 1).

Substituting I(x) and AI(k) in the above equation, we arrive

I(K)R + LAI(k) = R%el((sg)s) VL [%(3(8@(@1(1@) 1],

which yields [R + LA| 1 = % [Ler(t) = 14+ B)]ea(sm).).

%
Hence taking ¢ = L(e1(1() — 1 + R), we find I(k) = e’ is a
particular solution of equation when v =1 and (8.17)) follows. O

Theorem 8.4.3. For 0 < v < 1, the energizing fractional difference equation
Vei((sk))) = 1(k)R + A"I(k), (8.18)

has an extorial solution of the form

Vei((sk)s)) -R

Liei(ls) — 1)+ R + Toea( (8.19)
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Proof. We try I(rk) = Vcei((sk)(s)) as a solution of equation (8.18)), where c is to
be determined.
Al(r) = Ve(er(l) = Der((sr)s), A (k) = Veler(ls) — D%er((sr)i) -+
AVI(k) = Ve(er(1is)) — 1)7e1((sk)(s)) is obtained from Al(x) = I(k+ 1) — I(k).
Substituting I and A”[ in (8.18]), we find
L

1(k)R + 7 A"I(r) = RVeer((sr)) + L [Vc(el(l(s)) . 1)@1((%)(5))]

L 12

- Vc[—(el(l(s)) 1) R] ex((sk)(s)).

14
%4
((sk)(s)) is a particular solution of (8.19). [

Hence I(k) = Lle(w) =17 + 76

Thus extorial function is used to obtain the solution to RL-circuit
difference equation . Also we have obtained solution of RL circuit of chaos situation

represented by fractional order difference equation.

8.5 Fractional Difference Heat Equation Model

In this section, we apply the alpha and Fibonacci difference operators and obtain
new model of heat equations. The solution of these equations are expressed in
terms of extorial functions. The materials up to three dimensions i.e., rod, thin
plate and medium are taken for study and the transfer of heat is examined. The
two operators (alpha and Fibonacci) are used for the study of transfer of heat and

are defined accordingly.
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Let a # 0,1 = (1,1,1,...,1), kK = (k1,K2, -+ ,kn) € R" and v(k) be a real
valued n-variable function defined on R™. The n-variable a-difference operator,

denoted as A,, on v(k) is defined by

Av(k) =v(k1 + 1,60+ 1, .., ky + 1) — av(ke, Ko, ...\ i) (8.20)

[0}

This operator becomes partial a-difference operator if we replace by ;+1 in centain
component i. Thus the above definition of the alpha and Fibonacci difference
operators and its equations are employed in the forthcoming sections and solutions
are derived for heat equations.

Also we present solutions of partial fractional alpha difference equation with
polynomial factorial and extorial functions. We also apply these type of solutions
to heat flows. In the following lemma, some identities related to alpha difference

operator on extorial function are given.

Lemma 8.5.1. Let k™ # 0, n € N. Then we have the following identities with
extorial function:
(i). Aner(k) =e1(k)[1+1—aq,

1)

(ii). Dae(-1)(K) = ey (K)[e-r) — ] 7Y,

(111). Ager((—k)) =e1((—k))[1+1—aqa], K > 0.

Proof. (i). By (8.20)), and applying A, on e;(x), we arrive

Ager(k) =e1((k+ 1)) —aer (k) = ei1(k).e; — aer (k) = er(k)[er(l) — a]
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— ()t =+t —a] =ea(s)[1 41— al.
(ii). By (8:20), and applying A, on (=), we arrive
Aae-y(r) = ey((k+1)) —aeny (k) = e1)(K)-€-1) — aey (k).
= ey (K)[en — o] Y.

(iii). follows from (ii) by replacing k as —&. O

Theorem 8.5.2. [f v(k1, ko) = e1((k1)).€1((K2)) then we have the identities:
(DAav(k1, 52) = ex((k1))-1((k2)) [er (1) = a,
(i6) Aqu(s1, 12) = ex((2))-e1((k0)) [ en (1) = a].

Proof. (i)Aqv(k1, k2) = e1((k1)) [Aael((’f?))]
= ex((m) [ex((s2 + 1) = aes((52))]
= ex((m))er () [r(1) = a.

In the similar way, the proof of (ii) follows. O

Assume that v(k1, k2) be the temperature of a rod at position k1 at time ko,
{1 and /5 be shift values of k; and k9 respectively and ~ be the rate of conductivity
of rod. When considering impact of external climate change on the rod, the partial
« - difference equation of heat flow in the rod becomes fractional - difference
equation

Aa” v(K1, ko) = v[Aa” v(ky, Ke) + Aa” v(k1, Iig)]. (8.21)
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Theorem 8.5.3. Ify = [el(l) —afer(£(1)) — Oé], then the function

v(k1, ko) = e1((k1)).€1((k2)) is the exact solution of the a- difference equation (8.21)).

Proof. By applying the Theorem [8.5.2[, we get the proof. O

Corollary 8.5.4. The fractional partial a-difference heat equation (8.21) has a

solution of the form

v(k1, ka) = e1((k1)).e1((k2)) if v = [(er(1) — a)”/(ex(£(1)) — 04)”]

Assume that v(k1, ke, k3) be the temperature of a thin plate at position (K1, ko)
at time k3. Let (1,1,1) be the shift values of (k1,k2) and k3 and ~ be the rate of
conductivity of thin plate. The fractional partial a-difference heat equation of thin

plate is given by

A v(Ky, Ko, K3) =7 {A”v(m, Ko, K3) + Aa”v(/-ﬁ, Ko, ﬁg)} ) (8.22)

« «

Corollary 8.5.5. Ify = [1 +1—a)/(er(£(1),) — a)”}, then the function

3
v(k) = [] e1(kiqr,)) is an evact solution of the fractional partial heat equation (8.22)).
=1

Assume that v(ki, ko, K3, k4, K5) be the temperature of a medium at position
(K1, ko2, k3) at time k4 and at density xs. Let (1,1,1,1,1) be the shift values of
(K1, Ko, K3), k4 and k5 and 7y be the rate of conductivity of medium. The fractional

partial a-difference equation of heat flow in medium is

[0}

AVU(K/h R2, K3, R4, K’5> - '7{ %tyl)v(lila K2, K3, R4, ’{/5)} . (823)
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Corollary 8.5.6. If v = [1 +1—-a) +e(l1+1—-a)/(er(£(1),) — )|, then

5
v(k) = ] ei(kiq,)) is a closed form solution of the fractional partial o-difference
i=1

equation (8.23)).

The extorial function is used to obtain solution to heat equation. Also it
is used to obtain fractional order partial difference equation. Thus the extorial

function plays vital role in the fractional calculus and yields several applications.



CONCLUSION

In this book entitled “Eztorial Function and Its Applications Using Delta
Operators”, we have attempted to derive a new type of extorial function with the
inclusion of polynomial factorial with two applications. We also improve the already
existing function related to delta operator, alpha delta operator, Fibonacci delta
operator and fractional order delta operator and obtain effective applications in RL

circuits and Heat equation.

Here, various difference operators mentioned above have been employed
in the study of this extorial function. Basic definition and preliminary lemmas
of above said operators and its inverse, Bernoulli’s polynomials, striling numbers,
Riemann zeta factorial function, summation formula, numerical and exact solution
of fractional order difference equation, have been applied for getting main results.
Also summation and closed (exact) form solution of difference equations for certain
type RL circuits and heat equations have been obtained by using extorial function

and inverse of delta operators. Here the exponential function is extended to extorial

131
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function by substituting falling and raising factorials.

This extorial function satisfies certain type fractional and higher
difference equations. Here, when ¢ — 0, the difference equation becomes differential
equation and the model is simple for solving differential equations. Also fractional
real order extorial function is used to obtain solutions of fractional real order
difference equation. This concept generates applications in the field of physical
sciences, fractional calculus and Numerical methods.

Finally, we want to acknowledge that the theory, results and applications
are originally derived in a unique way. The results incorporated in this book have
been published in various referred international journal.An innovative attempt has
been initiated to make a solution for fractional order difference equation by extorial

and Riemann zeta factorial functions with applications in RL circuit and Heat flow.
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